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Mechanical Model: Elastic Plate
e plane domain ) € IR? with thickness t < diam (2
e loaded by f = f(x,y) transversale to its midplane
1A

e clastic material law Ce = aaptr el + és (e, A Lame—

constants, k shear correction factor)

Reissner-Mindlin theory: small plate deformations,
described by the displacement w and the rotations

¥ = (¥, ¥,) with linear strain £(¢) = sym(V4) and
t*div (% I div ¢+ %5(19)) + u(Vw —9) =0
pdiviVw —4)+ f=0

problem: shear locking t — 0

Mixed Formulation

e introduce a linear constraint v := (72 — a)(Vw — 1)
and establish a mixed variational form [Arnold et. al.,
Braess, Brezzi et. al |

e parameter « is bounded by 0 < v < t72, including a
classical mixed model with o = 0

e here @ = «fx) is a possibly discontinuous function
which may vary with x € ()

With bilinear forms
a(P,w;p,v) = /Qe(ﬁ) :Ce(p) dx
—I—/Qoz(ﬁ—Vw) (¢ — Vu)dx
b(d,w;n) = /Q(ﬁ—Vw)-ndw

c(vin) = /Qﬁv-ndx B:=1/t"—a)

the continuous problem reads: Find (w,d,vy) €
HN Q) x HYQ)? x L*(Q)? such that
a(w,9;v,0) +bv, 0;7) = (f;v)
b(w,¥;n) —cly;n) = 0

for all (v, p,n) € H}Q) x HI(Q)? x L*(Q)>.

Finite Element Discretisation

e finite element mesh 7 is a regular partition of {2 into
closed triangels 17,15, ...,1T,

e discrete subspaces Vj, x Wy, x I'y, of H} () x HJ(Q2)* x
L*(Q)? consist of T-piecewise polynomials of total de-
gree < k

Pr(T) = {u c L*(Q) VT € T, ulr € Pk(T)}
Bs(T) = {ulr € P5(T) and u =0 on 9T’}

e here '), := Py(T)? and e.g.

Vh X Wh = 732(7-) X (Pl(T> % B3(T>)2
Vh X Wh = Pz(T) X PQ(T>2

L-shaped plate, all side clamped and uniformly loaded

Adaptive Mixed Finite Element Methods
for Reissner-Mindlin Plates

Dr. Kerstin Weinberg

Institut fiir Mathematik -
http://www.math.mu-luebeck.de/weinberg/

The discrete problem reads: Find (wy, Oy, v) € Vi, X
W, x I'y, such that

a(wh, On; Un, on) + b(vn, ;) = (g5 0n)
b(wn, Un;my) — c(yp;mn) = 0

for all (vh,goh,nh) eV, x W, x1,.

e a priori error estimation: With (A, t)-independent po-
sitive constant ¢ there holds

| 9=, ||H3(Q)‘|'H W—Wh HH&(Q)_I_H T—h HH—l(div)mt.L2

<c( inf |9 — ¢y 1) + inf

eV oW, || W — Up ||H3(Q)

+ milrellﬁh [y = nn HH—l(diV)ﬁt-L2>'

e discretisations are locking free and asymptotically sta-
ble with mesh size h — 0 [Arnold & Brezzi, Lovadina
& Boffi]

Preasymptotic Performance

To assess whether the asymptotical predictions are obser-
ved for applicable, reasonable sized (but for the mathe-
matical analysis possibly too coarse) meshes too, needs
numerical investigation.

Quadratic plate uniformly loaded: displacement
function computed with o = 1

Parameter « influences the approximation quality essen-
tially [Chapelle & Stenberg, Carstensen & W.|.

e if o is a small number (what even may a@ = 1 as in
[Braess|) the system shows spurious modes

e large numbers of « let the system becomes stiff

e optimal convergence: mesh adapted parameter «
computed by a = «(T) = 1/(h3 + t?)

Energy Error

Instead of computing a reference solution on a very fine
mesh (and then providing a lot of data for the public) we
compute only one (problem depending) constant C' which
allows a representation of natural energy error

en = (|CY2(0 — 9p) [|> + 72|09 — 9p — V(w — wy) ||?)
what equals the square root of

C = 1€ 2e(@n) |I” + 72| Ve, — 95 |1
—2((t_2 — a)(th — ﬁh) — Y, Vwy, — ﬁh)
with C' = ( f: w). Use a finite element calculation on a

very fine mesh or an extrapolation technique to provide
constant C.
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Relative energy error ey = €5,/ v/ C versus the degrees
of freedom with uniform and adaptive mesh refinement
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A posteriori Error Estimation
For each finite element 1" € T we define

=1 [ (1f = divlon -+ a(d, ~ Tun))f
T
+ yn + aldh — V) — div@s(ﬁh)\2)daz

byt / VI, — Dy 2da
T

Ee&, ECoT
+][Co(dn)] - nul?) ds.

Local contributions 1y to error estimator n can be com-
puted elementwise (once a discrete solution is known) and
work as error indicators in automatic mesh refining al-

gorithms.
n=(Y"n2)"
TeT

e reliability of a posteriori error estimator n: With (h, t)-
independent positive constant ¢ there holds

n>c([|v— a1 + 1w —wn || 710
vy =mt+ad =0y —V(w—w,)) ||H—1(djv)mt.L2>-

Adaptive Algorithm

(a) Start with coarse mesh Ty

(b) Solve discrete problem with respect to Ty, with N de-
grees of freedom.

(¢) Compute nr for all T" € Ty,

1/2
(d) Compute error bound ny := (ZTeTk n%) and ter-

minate or go to (e).

(e) Mark element T red iff 9y > 1 maxgrer nyv.

(f) Red-green-blue-refinement to avoid hanging nodes, up-
date mesh Ty and go to (b).

Example: Rectangular Sheet Metal

hard simply supported on three si-
des and loaded by two stamps of
0.1 m x 0.1 m (e.g., caused by
fork-lift trucks)
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initial mesh

1. step of refinement

2. step of refinement

3. step of refinement

4. step of refinement

5. step of refinement

6. step of refinement

7. step of refinement

8. step of refinement

Meshes generated by Adaptive Algorithm



