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Application of domain decomposition methods to isogeometric analysis

Christian Hesch1, ∗ and Peter Betsch1

1 Chair of Computational Mechanics, Paul-Bonatz-Str. 9-11, 57078 Siegen

During the past decade various new spatial discretization techniques have been developed. In particular, the usage of NURBS
based shape functions, well known to the CAD community, has been adapted to finite element technology. In the present
work we use the mortar finite element method for the coupling of nonconforming discretized sub-domains in the framework
of nonlinear elasticity. We show that the method can be applied to isogeometric analysis with little effort, once the framework
of NURBS based shape functions has been implemented. Furthermore, a specific coordinate augmentation technique allows
the design of an energy-momentum scheme for the constrained mechanical system under consideration.
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1 Fundamental equations

The subsequent development is based on the work by Hughes et al. [1] and Hesch & Betsch [2]. We consider a general non-
linear mechanical system, artificially subdivided into several sub-domains i, occupying the space B(i)

0 ⊂ R3 in the reference
configuration. The Lagrangian form of the balance of linear momentum is given by

ϕ̇(i) = ρ−1
0 π(i), π̇(i) = Div(P (i)) +B(i) (1)

supplemented by the boundary conditions

ϕ(i) = ϕ̄(i) on Γ(i)
u × [0, T ], P (i)N (i) = T̄

(i) on Γ(i)
σ × [0, T ] (2)

where P = 2F∇CΨ(C) denotes the first Piola-Kirchhoff stress tensor,N (i) the outward unit normal vector in the reference
configuration of body i, B(i) the applied body forces and T̄ (i) the prescribed tractions. Furthermore, ϕ(i)(X(i), t) : B0 ×
[0, T ]→ R3 denotes the deformation mapping and C(i) : B(i)

0 × [0, T ]→ R3×3 the right Cauchy-Green deformation tensor,
given by C(i) = F (i),TF (i), F (i) = Dϕ(i). Setting the L2−inner product on B(i)

0 in the usual fashion∫
B(i)

0

(•) · (•) dV (i) =: 〈•, •〉(i) and
∫

∂B(i)
0

(•) · (•) dΓ(i) =: 〈•, •〉Γ(i) (3)

the contribution of each sub-domain i to the virtual work takes the form

G(i)(ϕ, δϕ) =〈ρRϕ̈, δϕ〉(i) + 〈P ,∇X (δϕ)〉(i)−

〈ρRB̄, δϕ〉(i) − 〈T̄ , δϕ〉Γ(i)
σ
− 〈t, δϕ〉

Γ
(i)
d

(4)

where 〈t, δϕ〉
Γ
(i)
d

denotes the virtual work contributions of the coupling tractions. Additionally, we require that the balance of
linear momentum across the interface∑

i

−〈t, δϕ〉
Γ
(i)
d

= 〈t(1), (δϕ(1) − δϕ(2))〉
Γ
(1)
d

= 0 (5)

has to hold at all times t ∈ [0, T ].

2 Discretization

We apply NURBS based shape functions for the approximation of displacement based finite elements in space

ϕ(i),h =
∑

A∈ω(i)

RA,(i)q
(i)
A , δϕ(i),h =

∑
A∈ω(i)

RA,(i)δq
(i)
A (6)
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where

RA,(i) = Ri,j,k
p,q,r(ξ) =

Ni,p(ξ)Mj,q(η)Lk,r(ζ)wi,j,k∑n
î=1

∑m
ĵ=1

∑l
k̂=1Nî,p(ξ)Mĵ,q(η)Lk̂,r(ζ)wî,̂j,k̂

(7)

Here, p, q, r denotes the order of the non-rational B-Spline shape functions N , M and L, recursively defined as follows

Ni,p =
ξ − ξi
ξi+p − ξi

Ni,p−i(ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1

Ni+1,p+1(ξ), Ni,0(ξ) =

{
1 if ξi ≤ ξ < ξi+1

0 otherwise (8)

The definition for M and L follows analogously. Furthermore, wi,j,k are NURBS weights, for details see Piegl & Tiller [3].

3 Mesh-tying constraints

Four corner nodes of each surface element of the interface, independent of the order of the underlying NURBS solid are given,
such that we can always apply a linear interpolation of the Lagrange multipliers

t(1),h =
∑

A∈ω̃(1)

NAλA (9)

Inserting (9) and (6) in (5) yields

λA ·
(
nABδq

(1)
B − n

ACδq
(2)
C

)
= 0, nAB = 〈NA, RB〉

Γ
(1)
d

, nAC = 〈NA, RC〉
Γ
(1)
d

(10)

The segment contributions to the constraints reads

nκβ = 〈Nκ(ξ(1),h
seg (η))Rβ(ξ(1),h

seg (η))〉
Γ
(1)
d,seg

, nκζ = 〈Nκ(ξ(1),h
seg (η))Rζ(ξ(2),h

seg (η))〉
Γ
(1)
d,seg

(11)

For details, see Hesch & Betsch [2].

4 Examples

A decomposed and partially h-refined 3D version of Cook’s membrane is used to demonstrate the superiority of the mortar
method in contrast to the knot-to-surface method (see Temizer et al. [4]). The norm of the Cauchy stresses is displayed below.

Control mesh.
KTS method. Mortar method.
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