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Introduction

Isotropic Hyperelastic materials

Strain energy function to describe nonlinear mechanical behaviour

Same response of the material in all directions

Mooney Rivlin material as a special case of the Ogden material

Discrete contact formulation

NTS-discretization as five-node contact element

Active set strategy to fulfill the Kuhn-Tucker-Karush condition

Lagrange multipliers to add contact contributions to the weak form

Isogeometric analysis

NURBS based shape functions

KTS-method to enforce contact

Definiton of an exact torus geometry

Constitutive law

Mooney-Rivlin material [1]

Strain energy function

Ψ(I1, I2, J) = c1(I1 − 3) + c2(I2 − 3)− b ln (J) + c (J − 1)2

Growth conditions

Ψ(J → +∞) → +∞ and Ψ(J → 0+) → +∞

Second Piola-Kirchhoff stress tensor and elasticity tensor

S = 2
∂Ψ

∂C
C = 4

∂2Ψ

∂C2

Contact formulation

Constraints

Non-penetration condition

gN =
(

xS
− x̄M

)

· n̄M
≥ 0

Kuhn-Tucker-Karush condition

gN ≥ 0 pN ≤ 0 gN pN = 0

Lagrange multiplier method

Πc =

∫

Γakt
c

pN gN dΓ vS
0

e1

e2
e3

Slave-Torus

Master-Torus

NTS-discretization

Interpolation of Master-surface

xM
h (ξ1, ξ2, t) =

4
∑

i=1

N̂ (ξ1, ξ2)x
M
l (t)

Five-node-contact element

x(s) =
[

xS xM
1 xM

2 xM
3 xM

4

]T

(s)

Weak form of contact contribution

Cc =

nc
∑

s=1

pN (s) δgN (s)A(s) =

nc
∑

s=1

ηT
(s)C(s)

Discrete contact constraints

Φ =
[

gN (1), . . . , gN (s), . . . , gN (nC)

]T
= 0

Weak form

Gh (x,η) = ηT [Mẍ +R (x) +C (x)] = 0

Discretization in time

Mid-point type rule

xn+1 − xn = ∆tvn+1
2

M (vn+1 − vn) = −∆t [R (xn+1,xn) +C (xn+1,xn)]

0 = Φ (xn+1)

Isogeometric analysis

NURBS [2]

Shape functions

R
p,q,r
i,j,k =

Ni,p (ξ)Mj,q (η)Lk,r (ζ)wi,j,k
∑n

î=1Nî,p (ξ)
∑m

ĵ=1Nĵ,q (η)
∑l

k̂=1Nk̂,r (ζ)wî,ĵ,k̂

B-Splines basis functions are recursively defined as

Ni,p (ξ) =
ξ − ξi

ξi+p − ξi
Ni,p−1 (ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1 (ξ)

Beginning with

Ni,0 (ξ) =

{

1 if ξi ≤ ξ ≤ ξi+1 ,

0 otherwise

Knot vectors

Ξ = [ξ1, . . . , ξn+p+1] H = [η1, . . . , ηm+q+1] Z = [ζ1, . . . , ζl+r+1]

Control points

B̃ =
[

B̃1,1,1, . . . , B̃i,j,k, . . . , B̃n,m,l

]T

NURBS Solid

B (ξ, η, ζ) =
n

∑

i=1

m
∑

j=1

l
∑

k=1

R
p,q,r
i,j,k (ξ, η, ζ) B̃i,j,k

Numerical results

Impact of two hollow tori

Material parameter

E = 1.0507 · 106

ν = 0.4562

ρ0 = 60

Initial velocity

vS
0 = [20 15 0]T
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t0 = 0 t1 = 2.5 t2 = 5.0 t3 = 7.5
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