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Introduction

Fracture- and thermomechanics [1,2]

Classical brittle fracture approaches of Griffith and Irwin

Clausius-Duhem inequalility

Phase-field approach to brittle fracture [3,4]

Allen-Cahn type regularization model for sharp crack interfaces

Finite deformation approach - multiplicative decomposition of local

deformation

Multi-field problem

Lagrangian formulation of the first law of thermodynamics

Ṫ + Ėe + Ẇ cr = P ext +Q

Ee =

∫

B0

Ψ(ϕ,Θ, s) + Θη dV , W cr =

∫

∂Bcr
0 (t)

gc dA

Displacement and absolute temperature field

ϕ(X, t) : B0 × I → R
n , θ(X, t) : B0 × I → R

Phase-field

s(X, t) : B0 × I → R, s ∈ [0, 1]

Regularization
∫

∂Bcr
0 (t)

dA ≈

∫

B0

γ(s) dV

∂B0

B0

s = 1

s = 0

Crack density function (Allen-Cahn type)

γ (s,∇(s)) =
1

2l
s
2 +

l

2
∇(s) · ∇(s)

Multiplicative split

Decomposition into compressive and tensile part

F = F−F + =

n
∑

a=1

λ−
a λ

+
ana ⊗N a

Further decomposition of tensile stretches

F =

n
∑

a=1

(λ+
a )

s(λ+
a )

(1−s)λ−
ana ⊗N a

Elastic, fracture insensitive part

F e =

n
∑

a=1

(λ+
a )

(1−s)λ−
ana ⊗N a

Weak form of coupled nonlinear problem

Mechanical field
∫

B0

δϕ · ρ0v̇ dV +

∫

B0

S : F T
∇(δϕ) dV−

∫

B0

δϕ · B̄ dV −

∫

∂Bσ
0

δϕ · T̄ dA = 0

Temperature field
∫

B0

θη̇δθ dV −

∫

B0

Q∇(δθ) dV −

∫

B0

Rδθ dV−

∫

∂B
Q
0

Q ·Nδθ dA = 0

Phase-field
∫

B0

δs
gc

l
s + gcl∇(δs) · ∇(s) dV +

∫

B0

Hδs dV = 0

Constitutive laws

2. PK stress tensor, entropy and crack-driving force

Se = 2
∂Ψ (Ce(C, s), θ)

∂C
, η =

∂Ψ (Ce(C, s), θ)

∂θ
, H =

∂Ψ (Ce(C, s), θ)

∂s

Fourier’s law of heat conduction

Q = −K̂(C, s, θ)∇θ =
[

κ0

(

1− wκ(θ − θ0)
)

(1− s) + s · κT

]

C−1
∇θ

Temperature-dependent ciritical energy release rate

gc := gc(θ) = gc,0

(

1− cθ
∆θ

θ

)

Numerical examples

Influence of crack on temperature distribution
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Influence of temperature on crack propagation
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Setup Phase-field Force – displacement

L-Shape – temperature and phase-field (fully coupled)

0

0

5−5

−1

9

u

Setup Phase-field Temperature

References

[1] G. A. Holzapfel

Nonlinear Solid Mechanics. Wiley, Chichester, 2000.

[2] A. A. Griffith

The phenomena of rupture and flow in solids. Philosophical Transactions of the

Royal Society London, Series A, 221:163–198, 1921.

[3] C. Miehe, F. Welschinger and M. Hofacker

Thermodynamically consistent phase-field models of fracture: Variational

principles and multi-field FE implementations. Int. J. Numer. Meth. Engng,

83:1273–1311, 2010.

[4] C. Hesch and K. Weinberg

Thermodynamically consistent algorithms for a finite-deformation phase-field

approach to fracture Int. J. Numer. Meth. Engng, 99:906–924, 2014.

University of Siegen
Chair of Computational Mechanics Prof. Dr.-Ing. habil. C. Hesch


