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Abstract. We present a new space-time fe discretisation of a finitartberiscoelastic cou-
pled sytem. The discretisation fulfills a nonlinear stapiéstimate with respect to a Lyapunov
function called the total energy. The coupled sytem of déffiial equations first-order in time
consists of the equations of motion, the entropy evolutgre¢éion and an evolution equation for
a viscous internal variable. A new hyprid Galerkin (hG) apgmation composed of a contin-
uous Galerkin (cG) and a new discontinuous Galerkin (dGhoesupplemented by particular
time approximations in the constitutive laws leads to ldinge stable numerical schemes.

1 INTRODUCTION

For performing a time discretisation an advantage of the éthad in time is that higher-
order accurate time approximations can be obtained in aalattay. A further advantage is
that a cG method in time is inherently energy-momentum &best for the equations of motion
(see Referencg. Hence the ¢cG method is a natural starting point to constrigher-order
and energy-momentum-conserving time integrators (seer®edé). These time integrators,
derived from the enhanced Galerkin (eG) method, turnedmbetwell suited for computing
long-time runs in nonlinear elastodynamics. An energy test time approximation is also
of great advantage for simulating dissipative materiak (References!). We show that an
energy consistent discretisation by using a new enhandaddh@alerkin (ehG) method is also
advantageous for nonlinear dynamical systems with diisiparising from conduction of heat
and from a memory effect of viscous material.

2 CONSTITUTIVE EQUATIONS

In a Lagrangian setting, we consider a thermo-viscoelastterial described by Fourier's
law of heat conduction together with an internal variablerfolation. We start with the rela-
tive internal energy:(n;, C;, I'y) = [6; — Ox|n: + ¥(6,, C;,I';) emanating from a Legendre
transform of the free energy (©,, C,, T';) with respect to the temperatutg. The fieldsé,,
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andr, denote the constant environment temperature field and ttnepgnfield, respectively.
The strains in the reference configuratiefy are measured by the right Cauchy-Green ten-
sorC; = FI'F, based on the gradieit, = V¢, of the deformationp; with respect to a point
X € A, in the reference configuration. To fulfill the Clausius-Ranequality, the entropy
field and the second Piola-Kirchhoff stress tensor field arergby

av(6;,Cy T dw(6;,Cy, Ty
= — = 1
M 50, S =2 aC, (1)

respectively. The first Piola-Kirchhoff stress tend®y in the equations of motion then co-
incides with the transformatioh’;S;. Restricting to isotropic material, the free energy de-
pends only on the three invariants of its tensor-valued ragnts. We consider a free energy
W (O, I, IS IS I, I+, I3) divided into the free energy in the thermodynamic equilib-
rium and non-equilibrium free energies. To model the menedfgct, we apply the concept
of a material isomorphism. In the case of isotropy, the maérariable then coincides with a
symmetric tensof', and the free energy depends on the invariants of the tehger C,I'; ..
The entropy flux corresponding to Fourier’s law of isotrop&at conduction reads

1 1
H=—KV6 =——
t Qt t t Qt
which leads in the Clausius-Plank inequality to a quaddisisipationD;*" = —V 6, H, arising
from conduction of heat. To satisfy the Clausius-Plank usdty, we introduce the internal
dissipationD;* associated with the memory effect as
1 1

, . : N
D = [5 I, 1“;1} 'V b I, 1“;1} = {5 I, T, 1} - M, (3)

koy/ IS C'V 6, (2)

The viscosity tenso¥ as well as the conductivity tenslt; of the thermo-viscoelastic material
are thus introduced as positive-definite symmetric bilifeams. According to the Clausius-
Plank inequality the stress tenselk, in Equatiori has to fulfill the identity
—2

ary
The enforcement of this identity is the task of the viscousl@#ion equation.

M, = T, (4)

3 SPACE-TIME WEAK EQUATIONS

The balance equations of continuum dynamics furnish trengtforms of the equation of
motion and of the entropy evolution equation as three PDE-dider in time. The fourth
differential equation in time is obtained from the mentidre®ndition on the stress tensbf,
as ODE at each considered pakKite %4,. This coupled system of differential equations fulfills
the stability estimate

@OO con int
Hlximse) = i) = | [ = (0 D <0 ©
Tn J By t
2
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where.7, = [t,, t,+1] denotes any subinterval in the time intendl= [t, T'] of interest. The
state fieldy; = (¢¢, m, 1, T'¢) include the momentum field, = pyv, instead of the correspond-
ing velocity fieldv,. The scalar-valued field, designates the density field i#,. The corre-
sponding Lyapunov functio# is the total energy

1
H(x:) = / Ty Vi — 5 pove - Vi +e(n, C(Vy), T'y) (6)
B

We derive the space-time weak forms by employing the strong$ of the evolution equations
in Equationri. We arrive at fully weak equations of motion, given by

//57'%'@1;://57'1}'% //ﬁt‘éSbt:—/
'lyn @O -—qn %O -—qn %O T

n

/ P, Vloa) | (7)
PBo

The test functiongy; anddéw; has to be time-dependent variationsgfandr;, respectively.
Hence we have to use a ¢cG method (compare RefetgnSmce D is quadratic inV,, the
test functiondd), of the entropy evolution equation is a time-dependent tianaof the field
¥y = 6, — O,. Hence we obtain a dG approximationmpfand ©,, respectively. However to
fulfill Equatior?, the jump att = ¢,, of the dG method has to be formulated in the energy
Hence we get

00+ / / O Dt
= [e],_+ + '519://V519-—°°H+519 ! 8
/% ' ﬁt:tt [ ]]t_t;‘; g %Ut t ot g [00,] o, t t o, (8)

where.7" = [t t,,1] denotes the time interval behind the jump. As the internabipiation

n

Dy is quadratic in the time derivatii, we determine with the cG approximation

/ [1 5rtrt—1} V- [1 I, r;l] _/ F oT, r;l] - M, (9)
12 2 7 12

the internal variable evolution at each considered pXirg %, in an energy consistent way.

4 SPACE-TIME APPROXIMATION

We approximate the unknown fields and the constitutive laved shat Equatiohis fulfilled
in spite of numerical quadrature. We approximate the unknéelds p;, v, and ©, by the
spatial Lagrangian shape functioNs. For the temporal approximation we use the Lagrangian
shape functions\/; as for the approximation of;, n; and C;. The test functiongy;, d7;
andd T'; are approximated in time by reduced Lagrangian shape fomedi/;, howeversy, is
approximated by the function¥;. We derive special approximatios andD‘tnt in Equation
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and Equatiofy respectively, given by

1—— 1.
Ct=tny1 =~ Cpyt — / S; : —F Ft + 0 — My - [5 I Ft_l]

/ Dlﬂt / Dlﬂt

| I A S e
/7n[@tt '

The first is necessary because we apply numerically quaeératyeneral and the last because
we need different quadrature rules in the dG and cG method.

: Ci
/ C,:FTF,
(10)

2
[rtr LT, T ]

St:St+2

Ditnt — Ditnt + :|2 Qt

5 NUMERICAL EXAMPLE

The simulation shows a rotating stiff tyre with a small temgtere Dirichlet boundary. We
initiate the motion by initial velocities. The colours idie the absolute body temperature.
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As Equation predicts, the total energy is steady decreasing till theliegium state is reached.
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