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Abstract. We present a new space-time fe discretisation of a finite thermo-viscoelastic cou-
pled sytem. The discretisation fulfills a nonlinear stability estimate with respect to a Lyapunov
function called the total energy. The coupled sytem of differential equations first-order in time
consists of the equations of motion, the entropy evolution equation and an evolution equation for
a viscous internal variable. A new hyprid Galerkin (hG) approximation composed of a contin-
uous Galerkin (cG) and a new discontinuous Galerkin (dG) method supplemented by particular
time approximations in the constitutive laws leads to long-time stable numerical schemes.

1 INTRODUCTION

For performing a time discretisation an advantage of the fe method in time is that higher-
order accurate time approximations can be obtained in a natural way. A further advantage is
that a cG method in time is inherently energy-momentum consistent for the equations of motion
(see Reference1). Hence the cG method is a natural starting point to construct higher-order
and energy-momentum-conserving time integrators (see Reference2). These time integrators,
derived from the enhanced Galerkin (eG) method, turned out to be well suited for computing
long-time runs in nonlinear elastodynamics. An energy consistent time approximation is also
of great advantage for simulating dissipative material (see References3,4). We show that an
energy consistent discretisation by using a new enhanced hybrid Galerkin (ehG) method is also
advantageous for nonlinear dynamical systems with dissipation arising from conduction of heat
and from a memory effect of viscous material.

2 CONSTITUTIVE EQUATIONS

In a Lagrangian setting, we consider a thermo-viscoelasticmaterial described by Fourier’s
law of heat conduction together with an internal variable formulation. We start with the rela-
tive internal energye(ηt,Ct,Γt) = [Θt − Θ∞] ηt + Ψ(Θt,Ct,Γt) emanating from a Legendre
transform of the free energyΨ(Θt,Ct,Γt) with respect to the temperatureΘt. The fieldsΘ∞
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andηt denote the constant environment temperature field and the entropy field, respectively.
The strains in the reference configurationB0 are measured by the right Cauchy-Green ten-
sorCt = F

T
t Ft based on the gradientFt = ∇ϕt of the deformationϕt with respect to a point

X ∈ B0 in the reference configuration. To fulfill the Clausius-Plank inequality, the entropy
field and the second Piola-Kirchhoff stress tensor field are given by

ηt = −
∂Ψ(Θt,Ct,Γt)

∂Θt

St = 2
∂Ψ(Θt,Ct,Γt)

∂Ct

(1)

respectively. The first Piola-Kirchhoff stress tensorPt in the equations of motion then co-
incides with the transformationFtSt. Restricting to isotropic material, the free energy de-
pends only on the three invariants of its tensor-valued arguments. We consider a free energy
Ψ(Θt, I

Ct

1 , ICt

2 , ICt

3 , IΛt

1 , IΛt

2 , IΛt

3 ) divided into the free energy in the thermodynamic equilib-
rium and non-equilibrium free energies. To model the memoryeffect, we apply the concept
of a material isomorphism. In the case of isotropy, the internal variable then coincides with a
symmetric tensorΓt and the free energy depends on the invariants of the tensorΛt = CtΓ

−1
t .

The entropy flux corresponding to Fourier’s law of isotropicheat conduction reads

Ht = −
1

Θt

Kt∇Θt = −
1

Θt

k0

√

ICt

3 C
−1
t ∇Θt (2)

which leads in the Clausius-Plank inequality to a quadraticdissipationDcon
t = −∇Θt Ht arising

from conduction of heat. To satisfy the Clausius-Plank inequality, we introduce the internal
dissipationDint

t associated with the memory effect as

Dint
t =

[

1

2
Γ̇t Γ

−1
t

]

: V :

[

1

2
Γ̇t Γ

−1
t

]

.
=

[

1

2
Γ̇t Γ

−1
t

]

: Mt (3)

The viscosity tensorV as well as the conductivity tensorKt of the thermo-viscoelastic material
are thus introduced as positive-definite symmetric bilinear forms. According to the Clausius-
Plank inequality the stress tensorMt in Equation3 has to fulfill the identity

Mt = −2
∂Ψ(Θt,Ct,Γt)

∂Γt

Γt (4)

The enforcement of this identity is the task of the viscous evolution equation.

3 SPACE-TIME WEAK EQUATIONS

The balance equations of continuum dynamics furnish the strong forms of the equation of
motion and of the entropy evolution equation as three PDE first-order in time. The fourth
differential equation in time is obtained from the mentioned condition on the stress tensorMt

as ODE at each considered pointX ∈ B0. This coupled system of differential equations fulfills
the stability estimate

H(χt=tn+1
) −H(χt=tn) =

∫

Tn

∫

B0

Θ∞

Θt

(Dcon
t + Dint

t ) 6 0 (5)
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whereTn = [tn, tn+1] denotes any subinterval in the time intervalT = [t0, T ] of interest. The
state fieldχt = (ϕt, πt, ηt,Γt) include the momentum fieldπt = ρ0vt instead of the correspond-
ing velocity fieldvt. The scalar-valued fieldρ0 designates the density field inB0. The corre-
sponding Lyapunov functionH is the total energy

H(χt) =

∫

B0

πt · vt −
1

2
ρ0vt · vt + e(ηt,Ct(∇ϕt),Γt) (6)

We derive the space-time weak forms by employing the strong forms of the evolution equations
in Equation5. We arrive at fully weak equations of motion, given by

∫

Tn

∫

B0

δπ̇t · ϕ̇t =

∫

Tn

∫

B0

δπ̇t · vt

∫

Tn

∫

B0

π̇t · δϕ̇t = −

∫

Tn

∫

B0

Pt : ∇[δϕ̇t] (7)

The test functionsδϕ̇t andδπ̇t has to be time-dependent variations ofϕ̇t andπ̇t, respectively.
Hence we have to use a cG method (compare Reference1). SinceDcon

t is quadratic in∇ϑt, the
test functionδϑt of the entropy evolution equation is a time-dependent variation of the field
ϑt = Θt − Θ∞. Hence we obtain a dG approximation ofηt andΘt, respectively. However to
fulfill Equation5, the jump att = tn of the dG method has to be formulated in the energye.
Hence we get

∫

B0

δϑt=t+n

ϑt=t+n

JeKt=t+n
+

∫

T
+

n

∫

B0

η̇t δϑt =

∫

T
+

n

∫

B0

∇[δϑt] ·
Θ∞

Θt

Ht + δϑt

Dint
t

Θt

(8)

whereT +
n = [t+n , tn+1] denotes the time interval behind the jump. As the internal Dissipation

Dint
t is quadratic in the time derivativėΓt we determine with the cG approximation

∫

Tn

[

1

2
δΓt Γ

−1
t

]

: V :

[

1

2
Γ̇t Γ

−1
t

]

=

∫

Tn

[

1

2
δΓt Γ

−1
t

]

: Mt (9)

the internal variable evolution at each considered pointX ∈ B0 in an energy consistent way.

4 SPACE-TIME APPROXIMATION

We approximate the unknown fields and the constitutive laws such that Equation5 is fulfilled
in spite of numerical quadrature. We approximate the unknown fieldsϕt, vt andΘt by the
spatial Lagrangian shape functionsNA. For the temporal approximation we use the Lagrangian
shape functionsMI as for the approximation ofΓt, ηt andCt. The test functionsδϕ̇t, δπ̇t

andδ Γt are approximated in time by reduced Lagrangian shape functionsM̃J , howeverδϑt is
approximated by the functionsMI . We derive special approximationsŜt andD̂int

t in Equation7
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and Equation8, respectively, given by

Ŝt = St + 2

et=tn+1
− et=t+n

−

∫

Tn

St :
1

2

˙
FT

t Ft + ϑt η̇t − Mt :

[

1

2
Γ̇t Γ

−1
t

]

∫

Tn

Ċt :
˙

FT
t Ft

Ċt

D̂int
t = Dint

t +

∫

Tn

Dint
t −

∫

Tn

Dint
t

∫

Tn

[

ϑt

Θt

Γ̇t Γ
−1
t : Γ̇t Γ

−1
t

]2

ϑt

Θt

[

Γ̇t Γ
−1
t : Γ̇t Γ

−1
t

]2

(10)

The first is necessary because we apply numerically quadrature in general and the last because
we need different quadrature rules in the dG and cG method.

5 NUMERICAL EXAMPLE

The simulation shows a rotating stiff tyre with a small temperature Dirichlet boundary. We
initiate the motion by initial velocities. The colours indicate the absolute body temperature.
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As Equation5 predicts, the total energy is steady decreasing till the equilibrium state is reached.
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