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Abstract. A spatial discretisation of flexible solid bodies using thnetéi element method is
a standard procedure in mechanical engineering. Finitevedat methods in time also have
many advantages. For example, higher-order accurate tippgaximations can be obtained in
a natural way, and it is well-known that continuous Galer{g®) methods in time are energy-
consistent for equations of motion of dynamical systemsceéleghe cG method is very conve-
nient to construct higher-order and energy-momentum-eomsg time integrators for nonlin-
ear elastodynamics. These time integrators, derived ffeerehhanced Galerkin (eG) method,
turned out to be well suited for computing long time runs. Tédeson is the unconditionally
numerical stability of energy-momentum-conserving irgegs for conservative problems. In
general, standard methods show a stability bound in depselen the time step size. Ac-
cording to F. Armero and L. Noels, energy-momentum-cagrsisime integrators are of great
advantage for simulating motions of plastic materials. Emergy dissipation is guaranteed
independent of the time step size, in contrast to conditipstable standard methods. In this
paper, we show that an energy-consistent simulation is atk@ntageous for dynamics with
dissipation arising from conduction of heat and from a vissaonaterial law. We consider
Fourier’'s law of heat conduction, and a nonlinear finite thr-viscoelastic material model,
according to S. Reese and S. Govindjee. We derive the sipaeeveak evolution equations for
the deformation, the momentum, the entropy and the visotermal variable directly from an a
priori stability estimate with respect to a Lyapunov fupati This Lyapunov function coincides
with the total energy relative to the equilibrium state astdynamical system. In the discrete
setting, the energy-consistency is accomplished by usmegveenhanced hybrid Galerkin (ehG)
method, in conjunction with proper time approximationstw tonstitutive laws. We obtain
time-stepping algorithms, which fulfil the a priori stabjliestimate exactly, and independent of
the time step size. This guarantees unconditionally nurakstability.
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1 INTRODUCTION

In this section, we introduce the used notation, and the gé&weal concepts pertaining to
the Lagrangian description of motions under the influenad@fmo-mechanical coupling.

1.1 Preliminaries

Let R denote the set of real numbers, and ng4,, < 3 the space dimension. We denote by
</ the real vector space of columns= [da!,. .., a"#=]. We consider each columm € &/ as
a point in the continuum with respect to a reference frameatked in the origiro = [0, ..., 0].
We refer to the space” as ambient space. Covectors in the dual spdtare considered as row
vectorsa* = [a; .. .ayn,, |, Whose entries are defined via the Kronecker symbols as a'd;;.
Summation over repeated indices is understood.

1.2 Kinematical aspects of deformation and motion

Denoting by the se¥” = [to, T] C R, the time interval of interest, we consider the reference
configuration of the body at initial timg € .7 as an bounded open 9&f C 7. Hence, points
in %, are identified as column vecta € %,. We assume a Dirichlet boundady %, C 0%,
on the piecewise smooth boundaxy, of the reference configuration, on which points are hold
fixed. The current configuration of the body at fixed time .7 is a bounded open s&f;, C .«7.
An elementr € %, coincides with the deformatiop, (X ) of the corresponding poitX € %,.
The right Cauchy-Green tensor

[Cu(X))ap = [F{ (X)]a"da [Fu(X)]' 1)

determines the stretch igg; with respect to tangent vectod at %,. The tensorF';(X)
denotes the gradienty,(X) of the deformation, called the deformation gradient. Ittede
minant.J,(X) is greater than zero, at all points & € %,. A motion of the body is a curve
p(t) = ¢, of deformations. At fixed time € .7, the deformation velocity, = ¢, denotes a
tangent vector of the motion. The kinetic energy

1 1
T() =3 /Z po(X) [0(X)]" by [0 X)) = 5 L (X))o [0 X)) 2)
of the body defines the conjugated momentam= pyv;* of the body as vector in the cotangent
space of the motion. The fiejg) denotes the body density i#,.

1.3 The temperature field of the body

The absolute temperaturés( X ) at pointsX € %, defines the body temperature field. We
assume a piecewise smooth Dirichlet boundasyg, C 0%, on which absolute temperatures
coincide with the constant environment temperat@se The gradienv 6,(X) of the temper-
ature field defines a cotangent vector at the p&ing %4,. We refer to the curvé® (t) = 6, as
the temperature evolution. The relative temperature fig)dvhich designates the temperature
differencesO,(X) — 6., at all pointsX € %,, lies in the tangent space at the temperature
evolution, as also the temperature velocity fiéld

1.4 The concept of stress and entropy

In this work, we consider isotropic thermo-elastic matewdh fading memory properties.
This memory is modelled by a symmetric tensor-valued irgevariableI’,( X) (cp. Ref. [4]).

2
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Accordingly, the familyA, = (6;, C,, I';) of fields determines the free energy A;(X)) of
the body at each poinX € %4,. Since the memory effect may not affect the elastic proegrti
the free energy depend directly only on the product tesdrX ) I'; ' (X). Considering the
free energy at the time curvx (t) = A,(X) of any pointX € %,, the time rate of change

By (X) = 8!7((;1é(X)) 5,(X) + 6Wé/éj§)) GWé?:gX))

of the free energy defines their partial derivatives as gganvectors-,(X), S;(X)/2 and
—T,(X) at this time curve, respectively. By definition, these cgtart vectors are associated
with the tangent vector®,(X), C,(X) andI";(X), respectively. The cotangent vecigt X))
denotes the entropy, ansl,(X) represents the second Piola-Kirchhoff stress tensor. &o th
tensor T,(X), we refer to as non-equilibrium stress tensor. The secomd & Eq. [3) is
designated as the densijtf*(X) of the powerP™™(¢) at timet € 7, done by the stress field
on %,. By using the chain rule of differentiation, we obtain

[Ci(X)]|an + [T(X)]as (3)

DM (X) = 0ae[Fo( X)) [So(X)PA [Fu( X)) 4 = [PEX)L [Fi(X))0 (4)

We refer to the tensalP; (X') as covariant first Piola-Kirchhoff stress tensor. It is tbeangent
vector corresponding to the tangent vedig( X ).

1.5 The balance principles

According to the balance of mechanical energy, the sum ofatesof kinetic energy’ ()
and the stress powéd™ (¢) coincide with the external mechanical powe¥(¢), done by the
acting forces. In the Lagrangian description, this balsemgation is equivalent to

[ O XL @OP + [ PHXLAEXP = [ @i XL ©)
HBo ) 0%

wheret; denotes the first Piola-Kirchhoff traction vector field fayipts on the traction bound-
ary X € 0%, \ 0,%,. First, we apply the Piola-Kirchhoff theorem and Gaussedijence the-
orem for transforming the external mechanical power. Thentake into account the definition
of the deformation velocity, and arrive at the partial diéfistial equation system

P (X) = v(X)

. * (6)
#/(X) = DIV[P}(X)]

for all points X € %4,. The operator Dv denotes the divergence. This system of equations
represents the local form of the equations of motion in thgraagian setting. The temper-
ature evolution follows from the righthand side of the Laggen form of the second law of
thermodynamics at each poiXt € %4,, given by

The field D}°* : 8, — R denotes the total production of entropy, called total giason. The
vector N (X)) designates the outward normal at a pakitc 0%,. We denote byH ,(X)
the assumed Piola-Kirchhoff entropy flé,(X)/©,(X) at the pointX € %,, whereQ,(X)
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denotes the Piola-Kirchhoff heat flux. The total dissipatief°*( X ) is split into an internal
dissipationDi"'( X) associated with a dissipative material law, and the dissipa

D" (X)) = =V 0(X)]a [Hy(X)]* (8)

arising from conduction of heat. After applying Gauss’ dgence theorem to the boundary
integral in Eq.[[¥), we take into account the dissipatiofii*(X ), according to EqL{8). In this
way, we arrive at the partial differential equation

(X) = g DVIQU) + B ©

for all points X € %,.

1.6 The constitutive equations

According to Eq.[(I7), the temperature evolution is restiicby the condition), > 0. This
postulate can be satisfied by a non-negative dissipdsh arising from conduction of heat,
and a non-negative internal dissipatibift. The conditionD:® > 0 is satisfied, for example,
by Fourier’s law of isotropic heat conduction, defining tleenponents of the Piola-Kirchhoff
heat flux vector as

[QUX)" = —ko J(X) [CTH (XY IVOUX)]p = —[K (X)) [VO(X)]s  (10)

wherek, € R, denotes the conductivity i#8,. The dissipatiorD;°" is thus given as a positive-
definite quadratic form with respect to the isotropic Lagjian conductivity tenso¥,(X).
The conditionDi™ > 0 has to be satisfied by the constitutive equation for the reprikibrium
stress tensofl",(X). We derive this equation by using the balance of thermalgnein
combination with the balance of mechanical energy, we a@ivthe equation

[ w0+ a) = [ 0k GO - [ (NOL @01 @)
Bo 0%o 0%Bo

where the mapping; : %, — R denotes the internal energy density. We recall that the term
—[No(X)]a [Q,(X)]* defines the normal inward heat fldx (X ). We apply to this boundary
integrals Gauss’ divergence theorem, and employ the RiotZzhoff theorem. In the end, we
obtain by using the localisation theorem the Clausius-¢amequality

D™ (X) = O:(X) (X)) — &(X) +p"(X) 2 0 (12)

We let the internal energy density( X ) be given in dependence of the entropyX ). Then, we
define the internal energy density as the Legendre transibthre free energy? (A,(X)) with
respect to the temperatué® (X ). Taking Eq. [(B) into account, the Clausius-Planck inedyali
leads to the internal dissipation

_ . 1 . _

DM (X) = [To(X)P [To(X)|ap = 5 [M(X)) 5 [T(X)]ac[ T H(X)7P >0 (13)
where M ,(X) denotes a mixed-variant stress tensor. Characteristia fgcoelastic material
is a closed stress-strain hysteresis loop during a cyciiditty. The surface area of this loop is
proportional to a non-equilibrium strain rate. Since thefate area indicates the energy loss

4
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during the deformation, we arrive at a non-equilibriumstrate dependent internal dissipation.
This material behaviour can be obtained by introducing eosgy. We obtain

ML(X)) = 5 VA (X es (T (X)) (14)

where the real numberg“, ¢, = V¢, 4, designates the entries of the viscosity tensor. The
symmetry properties arise from the view of the viscosity agrmmetric positive-definite bilin-
ear form to fulfil the Clausius-Planck inequality. The assdrstress tensor in Eq_{14) has to
coincide with the definition of this stress tensor in Eql (I@)is condition leads to the ordinary
differential equation

(/XN = S IO (X VA (DU X)esl T (X)]7P (15)

determining the time evolution of the internal varialile( X ), at each poiniX € %,. Taking
into account Eq[{13) for the internal dissipation, and Ed) for the mixed-variant stress tensor,
the Clausius-Planck inequality can be written as

. 1.. B - _
D (X) = 5 [T X)]ar [T (XN VA O [Ty X)ep T (X)) 20 (16)
The internal dissipation is thus given by a positive-dedimjtadratic form with respect to the

strain rate tensor.

2 THE STRONG FORM OF THE INITIAL BOUNDARY VALUE PROBLEM

We derived a system of differential equations consistinthefEqs.[(6), EqL{9) and Eq.{15)
for the deformation and the deformation velocity, as weltlas temperature field and the in-
ternal variable field. The Eqd1(6) and EQl (9) are supplesteby mechanical and thermal
boundary conditions, respectively. For both boundary demts, we assume that%, is di-

vided into two disjoint parts. We define the mechanical b@amdonditions
p(X) = X for all (t, X) € T x 0,%, an
t(X) = t(X) for all (t,X) € T X 0pPBy =T x (0% \ 0,%)

specifying the deformatiop, (X ) and the Piola-Kirchhoff traction vectey(X) for all points
on the corresponding boundaries. In analogy, we assumelibe/ing thermal boundary con-
ditions, which prescribe the body temperatég X ) and the Piola-Kirchhoff heat flu&, (X)
on the corresponding boundaries. We state the conditions

(X)) = 6Oy for all (t,X) e T x0e% (18)
Q,(X) = Q,X) for all (t,X) e T x0gPBy =T x (0% \ 0eHB)
The differential equations are also related with initiahdaions for the motionp(¢) and the
deformation velocity curve(t), as well as the temperature evolution cu®é) and the in-
ternal variable evolution curv€ (t). Along with these initial conditions, we arrive at an initia

boundary value problem fap,, v, and ©,, however, we obtain an initial value problem for the
viscous internal variable field',. We assume

pu(X) = X and  O,(X) = 6(X)

(19)
v (X) = wvo(X) and (L (X)]ap = dap

5



Michael Grol? and Peter Betsch

for all points X € %4,. The initial condition for the viscous evolution equatiorsas from
defining the initial state at= 0 as equilibrium state of the viscous evolution. That medms, t
free energy?(A;(X)) coincides with the free energy (6;(X), C;(X)) of a thermo-elastic
material. For all pointsX € %, the initial conditions

U, I7, 6y(X))
00

specify the momentum evolution and the entropy evolutiamens the mappind™ denotes the
identity tensor with the entries, .

71, (X) = po(X) vo(X) o (X) = (20)

2.1 The conservation laws

Let given a pure traction boundary value problem correspantb 0,%, = () under equi-
librated external loads; (X) = o for all points X € 9%, at any timet € .7. The evolution
equations of the initial boundary value problem yields @wation of the total linear momen-
tum function

£t) = / (X [6)° (21)

about the origin of ambient spacg. The vector, denotes a fixed direction vector of a virtual
translation of the body in the ambient space at fixed tiraeZ . Writing this virtual translation
as a curve, the vectd, represents a tangent vector at this curve. By using the fuedéal
theorem of calculus on the total linear momentum functiosaolstain the identity

o) - et = [ 0= [ [moLler = [ (PIxorel), @

where we have employed Efl (6.2) in the righthand side ofthigtion for each poinX € 4.
The vectorg;, designates the cotangent vector at the virtual translatiove. With regarding to
the assumed vanishing loati$ X ) for eachX € 0r%, at all timest € .7, and using Gauss'’
divergence theorem together with the Piola-Kirchhoff tleeo, the Eqs[{17) lead to

L(T) — L(ty) = /_5, / el B =0 (23)

Thus, we arrive at conservation of the total linear momentunttion for any fixed tangent
vector§, at the virtual translation curve. The evolution equatiofithe initial boundary value
problem have the total angular momentum functi@(r) as a second first integral about the
origin of the ambient space. This function is defined by

T0) = [ caed™ (X0 [ X)Ll (24)
)

wheree,,. denotes the permutation or Levi-Civita symbol. In Hql (2B% vectorg,, represents

a fixed axial vector, that is the direction vector of a rotataxis, associated with an arbitrary

virtual rotation of the body around the origin of at fixed timet € .. The circular curve

v,(X)(s) pertaining to this virtual rotation of the poiX € %, has a tangent vector

~

(X)) = 0% 6rea [€0]° [104(X) ()] = [€0]" 4 [01( X ) (5)]° (25)
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The mappin@0 denotes the spin tensor associated with the axial végtdi/e are able to verify
that the total angular momentum function is a constant oftbon by stating the fundamental
theorem of calculus

T / /35 W [l [60)" + cancd™ [n(X))" [ila &) (26)

Employing the Eqs.[{6), and recalling the definition of thejogated momentum, the first
term on the righthand side vanishes due to the skew-symnoéttlge permutation symbol.
We rewrite the second term by using the product rule of padiféerentiation with respect to
the pointX € %,, which provides two subterms, of which the first vanish, adow to the
symmetry of the Kirchhoff stress tensor

b

[T( X)) = [Fu(X)]" 4 [S«(X)]*P [FT (X)) (27)

in conjunction with the skew-symmetry of the permutatiom&pl. To the second subterm, we
apply Gauss’ divergence theorem, and employ the PiolakKof traction vector, according to
the Piola-Kirchhoff theorem. Then, EQ._{17) leads to

T(T) — T(to) = /y / 0L 0 =0 (28)

where the vectov;(X) € T*%, denotes the cotangent vector at the virtual rotation curve,
Since the assumed loads vanish for eXclE 0, %, on the traction boundary at all times .7,
we obtain conservation of the total angular momentum fomdor the time interval7 .

2.2 The a priori stability estimate

The equilibrium state of the body is a fix point of its time eModn equations. If there exists
a corresponding Lyapunov function, this equilibrium isledlstable. Therefore, stability of
nonlinear equilibria is often phrased in terms of an a premiimate arising from an existent
Lyapunov function. Again, we assume equilibrated meclemoads associated with a thermal
Neumann boundar§, %, = (. We define the function

V(t)ZT(t)Jr/@m(X)ﬁt(X)Jr V(0,(X),Co(X), LX) =T(t) +£(t)  (29)

and show that it is a Lyapunov function. Considering in thygjhunov function the tangent vec-
torv,(X) as well as a free energy(A,(X)), vanishing at environment temperature, we ensure
the equilibrium state at environment temperature. Appilicaof the fundamental theorem of
calculus provides the equation

V(t) / / (X )]a [0(X))* + 30 X) 04(X) + m(X) O,(X) + #(X) (30)

where in the first term of EQL{B0) the definition of the conjieghmomentum has been taken
into account. Now, we employ the EgEl (6) in the first term, badr in mind the product rule
of partial differentiation with respect to a poiX € %4,. In this way, we obtain

L 70 (X)]a [0 (X)) = / (w3 (X)]a [£(X)] — P™ (1) (31)

2
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after applying Gauss’ divergence theorem and the Piolakkioff theorem, as well as Eq.{17)
to the volume integral. According to the absence of loadsfitet term of this equation vanish.
Since terms associated with the stress power annihilate@her, and likewise the terms with
the time derivative of the temperature, we arrive at thetadaequation

V(T) — Vito) = /7 / (X)) 9(X) = [To(X)) P [F(X))an (32)

Now, we employ Eq.[{9) in the first term on the righthand sidéeqf (32). Using again the
product rule of partial differentiation, we obtain a volumméegral, which can be transformed
into a boundary integral by applying Gauss’ divergence o Then, we employ the Piola-
Kirchhoff heat flux, given by Eq[{18), in this boundary intaly and arrive at the expression

_ O ytot int B V(X)) _ M
[ agg P [pea- | Shg ML @

The boundary integral in this term vanish, due to the empyrttal Neumann boundaty, %,.
Finally, we introduce in the last term of E@.{32) the evadatequation for the viscous internal
variable. According to Eq[{16), this term coincides witle thegative internal dissipation. In
the end, we get at the stability estimate

VD) ~Vio) = = [ [ s D x) <o (34)

for the time evolution of the considered continuum body dgthe time intervaly” of interest.
Note that the Lyapunov function describes the relative enargy of the body abowd,..

3 THE WEAK FORM OF THE INITIAL BOUNDARY VALUE PROBLEM

We deduce the weak forms directly from the defined Lyapunaxtion. In this way, we
obtain the convenient Galerkin method in order to satisfy(@4). We begin by determining the
directional derivative along the continuous time cutvies) = 7 (¢ + s). Then, the fundamental
theorem of calculus yields

T(T) - T(t) = / / (X [0n( X)) (35)
where
T(t5) = 81L1r01+7(t0 + s) and T(T) = girgl+T(T —s) (36)

denote the kinetic energies at the lower bound and at theruppend of the time curve, re-
spectively. Note that at any tintec .7 the field#, is tangent to the continuous variation curve
~,(s) = 4 in the cotangent space of the motion. Hence, the tangenbivield 7, repre-
sents an admissible test function for a weak form of Ely. (B/AI8 employ this equation in the
righthand side of Eq[{35), and obtain the identity

[ [rxmer = [ [ weLeoor @7)

The time displacemeny, (s) = . satisfies the vanishing conjugated momentum at the time-
independent Dirichlet boundary, and lead to vanishingéangectors o, %,. A fixed lower

8
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bound of this curve at initial timg, also leads to a zero tangent vector. Consequently, thaliniti
condition of the motion can be fulfilled exactly. We obtaie theak form

[ [ or = [ [ prconmeor )

Hence, we apply a cG method in time (cp. REf. [1] and referertloerein). Given any time
t € 7, the vector fieldp, is tangent to the continuous curwg(s) = ¢, , of deformations.
Therefore, this field is an admissible test function for a kveeam of Eq. [6.2). We employ
Eqg. (8.2) in the righthand side of Eq.{37), integrate by entl subsequently apply Gauss’
divergence theorem. Noticing the Piola-Kirchhoff theorand the mechanical boundary con-
ditions, we get at

[ [r@ner= [ [ geoneer- [ [ et e

The variation curvey,(s) = ¢, , satisfies the time-independent Dirichlet boundary coaditi
of the motion, and lead to vanishing tangent vectors on thebaryd,%,. Since the tangent
vector at a fixed lower boun& of this curve vanish, the initial condition of the conjugdte
momentum can be fulfilled exactly. In this way, we obtain

/ / X 5,(X))* = -

/ [ EoLseor - [ [ P00 becor,

Thus, we determine a continuous weak time evoluttoof the conjugated momentum as well
as a continuous weak motiap, wherefore the initial kinetic energ¥ (¢,), and the kinetic
energy7 (t) at the lower bound of the time curve coincides. Neverthekbbgstime evolution
P~ of the covariant first Piola-Kirchhoff stress tensor fieldirsgeneral, only related with the
lower bound of the continuous curvg(s) = P; ... We obtain the kinetic energy balance

T(T) — Tity) = /y /a L (0] /7 / PHX)AF(X)F,  (41)

As next step, we consider the second part of Egl (29), thabdsrelative internal energy
£: .7 — R of the body. We calculate the directional derivative alohg tontinuous time
curve,(s) = £(t + s), and apply the fundamental theorem of calculus. We denotg(hy)

the energy at the lower bound of the time curve, érﬁﬁf) designates the energy at the upper
bound. We obtain the balance

E(T)—E(t) = /7 / () 9(X) + [P (X)), [F (X)) — [ XX [P(X)]as (42)

The relative temperature field, is tangent to the variation curve(s) = ©; + s, through
the fixed temperature fiel®, for any timet € .7. Hence, the relative temperature field is an
admissible test function for a weak form of Efjl (9). We conebihis equation with the first
term on the righthand side of Eq.{42), and get at the identity

/,7-/%0’7t(X> -/ /M X4 [@,(X))A+

—_— A ﬁt(X) int
/-?/%’oet(X) H( X)) a [H(X)]" + 01(X) DM (X)

(43)
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The variation curvey,(s) = 6, + sv, bear in mind the fixed environment temperatdlg at
the thermal Dirichlet boundary. Since the relative temperafield ¢, vanish solely at the
boundaryoe %, at any timet € .7, the lower boundy,, (s) of this continuous variation curve
is, in general, varied. The lower bound therefore diffemsrirthe initial values9,(X') for any
points X € %,, and we obtain a jump

[[@to]] = 8250 - 80 (44)

in the temperature time evolution at initial timg According to the definition of the entropy
field, we also get a jumfy,, ] in the entropy evolution. Thus, the ener§ft;) differs from the
initial value & (to) of the relative internal energy. However, we arrive at thergy difference
between the upper bourf{T") and the initial valuef (¢,) by introducing the energg (t,) in
Eq. (42). In this way, we obtain the balance equation

E(T) = E(to) = E(T) — £(t§) + E(t) — E(to) = [E(to)] + €T - £t§)  (@8)

In order to get at Eq[(34), we have to assume a vanishing-Riotihoff traction vector field
t, on the mechanical Neumann boundary. Consequently, addifigq. [41) for the continuous
time course of the kinetic energy, and Hq.l(45) pertainingpéodiscontinuous time evolution of
the relative internal energy leads to the balance equation

V(T) ~ V(ty) = / / (X F(X) s (46)

because terms associated with the stress power annihéiatecther. We deduce from EQ.{46)
a weak form of Eq.[[9). The corresponding initial conditisaciated with the temperature
is enforced weakly by a so-called trace term, which fulfils ). Recall that the density
é; : By — R of the relative internal energy is defined by the expression

e(X) = m(X) 9e(X) + ¥(I'(X), Ci(X), O1(X)) (47)

The energy jump in EqL{46) then leads to a jufap(X )] in the density for all pointsX € %,.
We assume that this jump coincides with the trace té&giX) 7, (X), wheren, (X) is a
unknown entropy trace. We search for the smallest entr@metrwhich fulfils this constraint.
Hence, we search for a tragg (X' ), which minimise the Lagrange function

F(iy(X). (X)) = 22 (X) + MX) (5, (X) 1,(X) ~ [ (X)) 49)

where)(X') denotes the Lagrange multiplier. According to the Eulegiiamge equation corre-
sponding to the entropy trac#, (X) coincides with—\(X) ¥,,(X). Employing this relation
in the Euler-Lagrange equation corresponding to the Lagganultiplier, the energy jump term

reads
[[g(to)ﬂ = /ﬂ

0

o [ [ LX)
X1 = [ (X)) = [ EZogx) w9

Consider the entropy trace as function of the temperatyreX ), and apply L'Hopital’s rule.
We realise that the limit of this fraction, &3,,(X) approache®.., is zero as for the density
jump [é,,(X)] alone. Hence, we have not introduced a singularity in thig. viay. (46) then
reads

V() = vite) = [ EeZou )+ [ ] )00 = 1,001 12,X)Las (50

10



Michael Grol? and Peter Betsch

The first and the second term of this equation include the¢ivelbagrangian temperature field
as weighting function. These terms are therefore relatatidécspace-time weak form of the
entropy evolution equation. Thus, we obtain the weak form

[osion o [ [aoae=-[ | G ao:

//goat [66,(X)] 4 [H(X)]" + 660,(X )Dgli(;f))

wherejO;, varies the temperature field at the limit from above. Accogty, this weak form
leads to a dG method in time (cp. Reéf. [5]), which is energgsistent. According to the empty
boundaryd, %4,, associated with EqL_{B4), a comparison of Eq] (51) with tis fivo terms on
the righthand side of E.{50) yields the balance

(51)

V() ~Vito) = = [ [ GED )+ [ [ D)~ (X)) XL (62)
Ao t )
in which Eq. [8) has been employed. Finally, we deduce a wesak bf Eq. [I5). Here, we go
a different way as for the former time evolution equationse ¥étermine the viscous internal
variable at each considered poiNt € %,. That is possible, because the viscous internal vari-
able evolution is only a coupled initial value problem. Eoyhg Eq. [I5) in the last term of
Eq. (82), for a fixed poinX € %,, we obtain the temporally weak form

/ T O) (574(X)]ar =
T

i/__o;[fsh(X)]AF[F (X)]FB V [ (X)]CE[Ft_l(X)]ED

(53)

wherein the test function is a tangent vector of the vamatiorvey,(X)(s) = I';(X) of the
viscous internal variabl#’,(X'). Since the tangent vector associated with a fixed lower bound
of the variation curve at initial timg, vanish for allX € 4,, the initial condition of the internal
variable at any poinK € %4, can be satisfied exactly. Hence, the time evolution of theous
internal variable is continuous. Eq._{53) leads to the iitgnt

J e [ (X Lar = / [ i) (54)

relating the last term on the righthand side of Hql (52) toititernal dissipation, given in
Eq. (I6). Note that Eq[{53) corresponds to a cG method in éi@ach considered integration
point X € %,. According to the Eqs[{%2) an{54), we arrive at the a pstability estimate.

4 THE FINITE ELEMENT APPROXIMATION OF THE WEAK FORMS

First, we perform a temporal finite element approximatiohisTeads to a finite-dimensional
approximation of the considered time evolutions. Then, b&io a finite-dimensional approx-
imation of the Lagrangian fields at fixed time by introducingpatial finite element approxi-
mation.

11
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4.1 The temporal finite element approximation

We introduce a partition of the time interval = [ty, T'] into m,, > 1 disjoint sub-intervals
T n € My=1{1,...,mg}, such that the union of all sub-intervals coincides wih This
partition is related withamesh = t! < 2 < ... < t™a < ¢matl = T of time points. We refer
to a sub-intervaly™ = [t t"*1] as then-th time element. In order to increase the approxima-
tion accuracy, we introduce time nodés< t} € ", wherei < k € M., = {1,...,mey} ON
each time element, which are such ttat= ¢" andt], = ¢"*'. The differenceéi” = ¢, — 1}
is called the time step size. By the transformation

Iy dam Y M)t e T" (55)

i=1

we map a temporal parent domai}, = [0, 1] on a time elementZ". The shape functions
M : .7, — R are Lagrange polynomials, which satisfy’(a,) = §,'. Thus, the time nodes
ag € Iy, k € My, In Z, are mapped to the time nodés= 7"(ay,) in ™. Since we restrict
ourselves to an equidistant distribution of the time naglethere remains

™(a) =1 —-a)tf +aty, (56)

The partition of.7 divides the time integral of a weak form into a sumrof;, sub-integrals
with respect to the time element8”. We getm,; coupled systems of weak forms. By using
Eq. (86), we transform each time element to the parent donkneachn € .#,;, we obtain
the weak form

| [ emeoniecr= | [ oo eeor 7)
o J Bo I Bo

where we have used the substitution rule together with thetity Dr" («) = h™ for relating the
time integration to the parent domain. The mapppig= |- (7"(«)) designates a deforma-
tion field at any time point = 7" («) € .7". The fieldv” denotes the corresponding velocity
field. We approximate the corresponding time evolutionshghat

eh=) M(a)g: and vi=) M(a)vy (58)
i=1 =1

Applying the same shape functions as in Hgl (55), we obtaiis@marametric finite element
approximation. Since we approximate the deformation aridtadime derivative, we have to
apply the chain rule of differentiation for calculating tti@e derivativep!, on the lefthand side
of Eq. (&T). The first weak equation of motion @1, n € .#,;, then, takes the form

| [ o =i [ [ s poor (59)

whereg,, indicates the partial derivative of the motign - (7" («), X) with respect tax. We
approximate the time evolution curée" pertaining to the time derivativer!, of the variation
of the conjugated momentum field o1 directly on the parent domain. We obtain the definition

Meq

o7cn =Y M (a) 7, (60)
j=1

12
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Since the variation7;, at the time node} = 7" (o) vanish, the initial conjugated momentum

™1 coincides withm, . The shape functiond/’, wherej ¢ .#., = {1,...,m.,} denote

Lagrange polynomials, satisfying the conditiah§ (&) = 6,7, j,1 € .#.,. The pointsi; des-
ignate temporal test notes on the parent domain. The numpgeof these test notes coincides
with m,,, — 1. According to Eq.[{410), we obtain for each elem@rit n € .#,;, the weak form

| [l e = o
O R S SR B N AE SRR S

by using the substitution rule and the Frechet derivativEgf (86). Further, the chain rule
has been used for the time differentiation of the approxiomapertaining to the conjugated
momentum fieldr” on.7,. We approximate the time evolution cure& and the time evolution

curvedp” corresponding to the time derivative of the variatias® on .7 ", such that

Men Meq

mh= QM and0gr =3 MP(a)dg, (62)
i=1

respectively. Since the variatiaip,,, (X') vanish for all X € %, the deformationp;, co-
incides Wlthcptn 1 for all time eIements Now, we transform the integrals in @) and
subsequently apply the chain rule of differentiation toaperoximation of the entropy fielg!
on7". Foreachmh € ., we obtain the space-time weak equation

[ [omexyome =n[ [ =22gm0+
I By T BQﬂo@a (X> (63)
—I—h / / Qoo [ﬁn(X)]A[Hn(X)]A—}— ﬁZ(X) Dint,n(X>
") ), On(X) ’ “ or(x) “
where - _
Z M'(a)ny,  and 67 => Mi(a) O] (64)

The test space for Ed:(B3) has to include the time evolutioof the relative temperature field.
Thus, a variatiod ©; at the lower bound of the continuous cun/g(s) = §6. only vanish at
the boundary)y %,. We obtain the approximation

Men

50" = ZM’ yoer (65)

The lower bound?7, of the continuous curve), (s) = 6 thus generally differs from the initial
value O, 1 of the temperature evolution on each time element. In ayalogeq. [51), we
mcorporate the resulting jumps, in an energy-consisteyt Wor eaclv ", n € .#,;, the weak
form reads

X n
[, (X)) 5@” (X) / / Ban(X) 007 (X) = h" / / 90 QL (X)
79”1 (X 0g %08 (66)
Dlntn X)

hr / /J 92;;(> 362(X)] (LX) + 502(X) 25

0

13
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Finally, we approximate the time evolution of the internatiable fieldI";, pointwise deter-
mined on7 ™, due to the isoparametric concept. According to Eql (53),tdst space has to
include the time evolutiod™" pertaining to the time derivative of the internal variabkdion
,. We therefore arrive at the approximations

Men Meq

rp=> M(a)Iy  and 6, => M(a)dly (67)
i=1 J=1

for Eq. (53) on the parent domain. Thereby, the conditigi,, (X )]z = 0 are fulfilled for
all X € %,. We divide each integral of Eq.(b3) inte,, sub-integrals. In the light of the
constant Frechet derivative of EQ.156), we apply the stiigin rule to the time integrals and
the chain rule of differentiation to the time derivative.rleachn € .#,,, we so get at

o | (3OP BELX0Lar =
S y (68)
1 [ B OLs 0N VA [0, Pl (T2} 1

for any X € %4,. We approximate the tensd.(X) such that it lies for any timex € .7,

in the cotangent space at the internal variable evolutionortler to obtain in a weak form a
unique interpolation of the temporal test function at eaahporal quadrature point, a family
of m shape functions has to be evaluated at exaetlgistinct quadrature points. Since we
approximate the test function associated with Eql (66) with Lagrange polynomial more as
compared to the other weak forms, we have to use one quaglfadimt more. Therefore, in
the following, we endue the symbdi,, of the time integration domain associated with Eq] (66)
with the suffixn to refer to this different number of quadrature points.

4.2 The spatial finite element approximation

We consider a partition of4, inton.;, > 1 disjoint sub-domaingg, e € A4z, = {1,...,nq},
called thee-th element of%,. The union of all these spatial elements, in turn, is giverdy
Each element; is defined by pointéX“, a € 4., = {1,...,n.,}, called the spatial nodes.
We define index setst® = {a € 4¢,|°X" € 0,%,} to indicate which element nodes lie on
the mechanical Dirichlet boundary. We introduce a spagaépt domaing, which is mapped
on a spatial elemen®; by

Y5 Boon— > Ni(n)X* € B (69)

a€Nen

The propertiesV, (n°) = 6%, a,b € A4, of the Lagrange polynomials, : 5 — R provides
that the nodes;® € %o are mapped to the spatial nodes® = +°(n’). Consider a curve
Ce(s) = °X s in %, and a curvey(s) = n, in #o. Differentiation of Eq.[(€P) implies a linear
relation between the tangent vectorsXite %5 andn € %n, respectively, which reads

Ty > W = Dyi(n) v, € T, %0 (70)

The volume elemernit’y at°X € % is mapped by the Jacobian determinant of Eq] (69), given
by J¢(n) = det(Dj(n)), to the volume elemerit, atn € %n. The partition of%, divides
volume integrals into a sum @f,; sub-integrals with respect to the spatial eleme#ise € .1;;.

14
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Transforming each material poifX € 4 to the spatial parent domain, EQ.J59) takes the form

// (575 ()] [Bosp ()] (1 —h"// e ()] [oRe (e ()| (70)

forall (n,e) € 4y x A, where the notatiop}“(n) = [} |2 © ¥gl(n) has been introduced.
In the isoparametric concept, the deformatipf® of the spatial elemen#g during the time

element.7" is approximated in space analogously to Hql (69). After gigiq. [58), there

remains to approximate the deformatiaps® at the nodes; € .7,. We assume

ertm) = > Na(m) Tl + Y Na(n) X" (72)

aEJVen\JV; acNE

The last sum arise from EJ._{17). The velocity* is an element of the tangent space of the
motion, and the test functiodvr, © lies in the corresponding cotangent space. With exception
of the different boundary conditions, these tangent andragent vectors are approximated as
the corresponding deformation. Hence, we obtain

= SN, and - 2N g

(IEJVen\JV(pE ae/‘/en\'/‘/e

according to the vanishing Dirichlet boundary conditionghe corresponding spaces. To ac-
count for the Neumann boundaty%,, we define the set/;f = {a € A,,|°X* € 0r%,},
indicating nodes of the eleme#;, which lie on its Neumann boundaty,#;. Then, we
introduce a transformation

Yo 0B 30— > Na(n) X € 05 (74)
aeNf

from a parent domaif.Zg to thee-th (Neumann) boundary elemen;. The shape functions
N, : 0% — R are also Lagrange polynomials satisfying the conditioyin®) = 6°,. There-
fore, nodes;” € 0.2 are mapped to nodeéX "’ = (1) € 0.%;. After dividing up the spatial
integrals in Eq.[(E11), the Eq$.(69) adl(74) provides thek/ieam

/fa/ggm[ﬁa“"’e< e o))" " —h”/ RCRURCRORIUS

/LP 0 ()T () .

for all (n,e) € 4, x A;. The mapping/¢(7}) = det(Dv¢(7)) denotes the Jacobian deter-
minant of Eq. [Z#). The Lagrangian momentum fietds® at the nodesy; € .7, lie in the
cotangent space of the motion, whereas the test funaftp@é are elements of the correspond-
ing tangent space. Hence, we apply EEql (73) to these flelobssfiatlal distribution of the first
Piola-Kirchhoff traction vector field,,“ at timea € .7, is approximated by

M =Y Na(n)ts (76)

ac AN

The vectors’t? denote given traction loads on the boundary notes. In thetéas on the
righthand side of EqL{75), we have to determine the gradigéhtrespect to a pointX € ;.
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For this purpose, we multiply Eq.{I70) with the inverse JaanbD1);) ! pertaining to Eq.(89).
We obtain so the relation between tangent vectors at a eyrye) = n, in % and at a curve
C°(s) = °X s in ;. The gradient of the test function then reads

6@ 4 = (0951 (DY) ™' (77)
where: indicates the coordinates 5. To incorporate the thermal boundary conditions, we
define index sets#§ = {a € 4.,/ € 0o %, } to indicate nodes on the thermal Dirichlet
boundaryde %, and index setsi5 = {a € A;,|°O" € 0u%, } to designate nodes on the ther-

mal Neumann boundag, %,. Considering the partition of8,, and relating spatial integrals
to the corresponding parent domains, Eql (66) reads

[[égf(n):” ne e n,e e _
| i 0 " /7 n L Quly(n) 81(r) () = .
n n,e n,e n,e w e
h /{ )[5@ (0)]a [EL ()] + 502 () }J<n>+

o Oa(n)
ne ,’,_] s
//@77 ) ()
(79)

for all (n,e) € 4, x A,. The geometric approximation of the thermal Neumann boynda
coincides with that of the mechanical Neumann boundary. @kpwing the isoparametric
concept, we approximate the Lagrangian temperature &&é on the elements; during the
time interval.7" analogously to the deformation. We obtain the approxinmatio

Orc(m) = > Nu(m)Oh + > Na(n (79)

ae'/‘/en\/‘/() ae/‘/()

by taking into account the constant environment tempegafyy, on the thermal Dirichlet
boundary. Likewise, we approximate the test functiéif:© at the nodes in the parent do-
main in conjunction with EqL{73). The entropy fieji* is approximated such that it lies in the
cotangent space at the temperature evolution. We define
e 0U(I'Y(n), CLr(n), 0:°(n)) ne( ccpa
nee(n) = — -5 and  §O°(n) = Y Nu(n)s6%,
aCNen\ NS

(80)
Since we determine the Lagrangian internal variable fiE[tf(n) at the considered points
n € g in the spatial parent domain, we desist from a spatial appraton. The approxi-
mationC?“(n) of the right Cauchy-Green tensor pertaining to ¢k spatial element during
then-th time element follows from EglX1), via the approximatifj“(n) of the corresponding
deformation gradient, given by

[Fom)] s = [Vl ()] [(Dy) ™ () (81)

Assume that the normal inward heat figx ™ on the thermal Neumann boundaiy.%; is also
given in dependence of the timec .#,. We define inward normal projectioﬁ@i of the heat
flux at the nodes of the boundary element, which are dise'dbby

QM =Y N (82)

ae/Ve

along the corresponding element boundary.
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5 THE TIME APPROXIMATION OF THE CONSTITUTIVE FIELDS

In order to maintain the conservation laws and the stab#idiymate in the discrete setting,
we have to supplement the weak forms. First, we consideritkettbnal derivative along the
continuous time curve}(s) = L(t + s) in then-th time element. We integrate this derivative
in time, and obtain

Nel

ity =Y L /ﬁ Bur™ ()] [€0]* T () (83)

__Qn

If we employ Eq.[BPR), the time integration concerns only tdmaporal shape functions. Since
this time integrals can be computed exactly, the fundanhéme@rem of calculus is fulfilled.
Nevertheless, the vectd, € </ is constant, it is an admissible test functiég’“(n) of
Eq. (ZB), due to the completeness condition of the Lagramggnpmials. We employ this
test function in Eq.[(45), and obtain the identity

// Do ()] [E0)7 () = // P ()] A 6] ) =0 (84)

Since Eq.[(84) coincides with the differencé™ ') — £(¢™), we obtain total linear momentum
conservation for an arbitrary approximation of the covatifrst Piola-Kirchhoff stress tensor,
and for an arbitrary time step size. On the other hand, thectional derivative along the
continuous time curvey?(s) = J(t + s) in the n-th time element in conjunction with time
integration leads to

jj / / a0 €01 {[Dately" () ()] + [l (m)] O (m)la} () (85)

If we employ the Eqs[{38) an@(62), the fundamental theorkoaleulus with respect t¢7 (¢)

is fulfilled, because the time integrals can be calculatextyx Eq. [8b) therefore coincides
with 7 (¢t"™1) — J (™). Now, we have to employ Eq{I71) in the first term, however, in E3),
the corresponding test function is not interpolated by thgrange polynomial«ij(a)};f’:i at
the temporal test nodes;, j = 1,...,m.,. Therefore, we determine nodal valuegf(n) by
solving uniquely the linear system of equations

Meq Men

> M (&) Z M'(§)mo( (86)
j=1
atm., quadrature point§;, k = 1,...,m.,. Thereupon, the first term of Eq._{85) vanish inde-

pendent of the time step size, according to the skew-synyméthe permutation symbol. In
the second term of Eq_(B5), we employ Hq.l(75). For this psepae determine nodal values
gogf(n) by a corresponding linear system of the form, given in Eq).(8&king the definitions
of the deformation gradient and of the Kirchhoff stress ¢enisto account, the second term of

Eq. (8%) is given by
/ / Cacs ol [ ()] () (87)

Postulating the symmetry of the Kirchhoff stress tensoragmation, this term vanishes due to
the skew-symmetry of the permutation symbol. Since botimsesf Eq. [8b) vanish, we obtain
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total angular momentum conservation for any time step $\loav, we consider the directional
derivative along the continuous time cury&(s) = 7 (t + s) in the n-th time element. Time
integration leads to

MNel

0= [ [ o)) (89

gn

If we employ the Eqs.[{88) an@{62), the time integration &ns only the temporal shape
functions. The fundamental theorem of calculus is theeeéxactly fulfilled, and the righthand
side coincides with the differen@(¢t"*!) — 7 (t"). Since the derivative,="¢(n) is an admis-
sible test function for EqL{I1), we employ this equation estrstep. Moreover, the derivative
Jap¢(n) of the deformation approximation lies in the test space af @§). Therefore, we
subsequently employ Eq.(75). We arrive at the kinetic enbajance

Nel

(™) - Z / / [P ()] [0ala (m)]" 4J (1) (89)

Now, we determine the directional derivative along the gardgus time curvey}(s) = E(t + s)
in then-th time element. At the time integration of this derivativee bear in mind the different
guadrature rules in the discrete setting. Noticing the dedimof the relative internal energy
density as well as the cotangent vectors pertaining to teednergy, we obtain the relation

/ / D () — / / () 9 () T () +
Fod B T

[ APt o s (0 ) 0T (n)an} T ()

(90)

for all (n,e) € 4., x A,. Recall the mappind”. = [C| s~ o 7"](«) designates the right
Cauchy-Green tensor field during theth time element at any time pointe .#, in the tempo-
ral parent domain. We approximate the time evolution of tireasponding right Cauchy-Green
tensorC'(n) pertaining to the-th spatial element, such that

Men

Cn e Z Mz Cn ,e ) (91)

Note that the approximated stress pow&t-™<(«) based on the second Piola-Kirchhoff stress
tensor in conjunction with Eq[{®1) does not coincide with #tress power in EqL{I’5). Fur-
thermore, the time integration in EQ._{90) is, in general, cmmputable exactly. Hence, we
have to enforce the fundamental theorem of calculus witheestoé,, (7). Noticing the deriva-
tion of the jump term by formulating a minimisation probleme state a corresponding con-
straintgs(S‘Z’e(n)) by taking Eq.[(#) into account. Since we need a symmetrica{ipration

of the Kirchhoff stress tensor, we determine a trace tensoesponding to the second Piola-
Kirchhoff stress. We obtain an isoperimetrical problenoassted with an augmented Lagrange
functional, and arrive at the integral term

/ / o /8(; L P () oz ()" 4T () (92)
Jo" [0y “(m)]* 4 77
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which we add on the righthand side of EG](75). The componid?ts ™ (n)],# coincide with
the sumsy,[F7°(n)]’; [0.C 5™ (n)]P4. This additional term of EqL{T5) annihilate the stress
power in Eg. [BP) completely, and introduce the relativesingél energy density behind the
jump. Recall, we arrived at the stability estimate by theauagstion that the time integrals of
the internal dissipation, calculated in the E@s] (51) &), (&re identical. In the discrete set-
ting, however, we have to enforce this property. Consedyene formulate a corresponding
constraint for a viscosity trace tensor in the internal igigBon. LetD’“(n) denote the approx-
imated viscous strain rate tensor on ¢kl spatial element at any time pomte .7, defined by
the component®, I'"(n)] ap[(L'"¢(n)) 1] /(2h™). After employing the obtained viscosity
trace tensor in Eq[{16), we arrive at the integral term

Di;t,n,e(,n)_ nD(i)?t,n,e(n) 19”’6( ) .. 2
i [ L Ao [ s gt i (D)} ) 99)
B / { 19276(77) bint,n,e(n)} I {8‘3“, (77)}
j&l 6376(77) “

which we add on the righthand side of EF1(78). The functio "¢(n) denotes the sum
[D:™¢(n)]45[D™*(n)] ,£ associated with the viscous strain rate tensor. Due to e finite
element approximation, we solve EQ.J68) at the consideogtien € A in the spatial parent
domain. Employing the time derivative, I"(n) as admissible test function, the righthand
side of Eq.[[6B) coincides with the internal dissipatibf}™(n) in the e-th spatial element.
Therefore, we arrive at the stability estimate

Nel

vy vy =y [ ] e m rm <o) e

which coincides with Eq[{34). In the discrete setting, wplgphe Gaussian quadrature rule.
Hence, the existing time integrals associated with the teaighape functions are calculated
exactly, which is important for the conservation laws arelkimetic energy balance as verified.

6 NUMERICAL EXAMPLE

The simulation snapshot shows a free unloaded motion okantith a small uninsulated por-
tion (™ = 0.1). The motion is initiated through initial velocities. Thiflsmaterial with a strong
thermo-mechanical coupling is described by a thermo-dyocaiy extended neo-Hookean ma-
terial model, together with a constant conductivity anctessty. The colours indicate the ab-
solute body temperature. The free unloaded motion causgecoed momentum maps (see
Fig.[). As expected for the enG method, the absolute rekidiize of Eq. [O#) is less than the
tolerances = 10~® pertaining to the Newton-Raphson method. Hence, the Lyapfumction
is steady decreasing till the equilibrium state is reacha.comparison, we implemented the
hG method without the correcting terms, given by Eql (92) Bqd(@3), and with the standard
approximation

[Cre ()]s = [(Fr ()14 0as [ ()] (95)
of the right Cauchy-Green tensor, arising from an approxiomaof the time evolutiorafter
a spatial approximation of the corresponding field. In R&f, fve show that Eq[{95) leads
to approximation errors, having a physical effect. The hGhwoeé do not fulfil the stability
estimate in the discrete setting (see [Eig. 1), and therefiverge after a few calculated time
steps of the length™ = 0.1. Both momentum maps are conserved till the divergence.
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Stability estimate (ehG)

Stability estimate (hG)
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Figure 1: Free flying tyre under equilibrated external loadth a small uninsulated portion: energy-momentum-
consistent enG(1) method in the first two rows and only moomertonsistent hG(1) method in the last row.
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