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Abstract. A spatial discretisation of flexible solid bodies using the finite element method is
a standard procedure in mechanical engineering. Finite element methods in time also have
many advantages. For example, higher-order accurate time approximations can be obtained in
a natural way, and it is well-known that continuous Galerkin(cG) methods in time are energy-
consistent for equations of motion of dynamical systems. Hence, the cG method is very conve-
nient to construct higher-order and energy-momentum-conserving time integrators for nonlin-
ear elastodynamics. These time integrators, derived from the enhanced Galerkin (eG) method,
turned out to be well suited for computing long time runs. Thereason is the unconditionally
numerical stability of energy-momentum-conserving integrators for conservative problems. In
general, standard methods show a stability bound in dependence on the time step size. Ac-
cording to F. Armero and L. Noels, energy-momentum-consistent time integrators are of great
advantage for simulating motions of plastic materials. Theenergy dissipation is guaranteed
independent of the time step size, in contrast to conditionally stable standard methods. In this
paper, we show that an energy-consistent simulation is alsoadvantageous for dynamics with
dissipation arising from conduction of heat and from a viscous material law. We consider
Fourier’s law of heat conduction, and a nonlinear finite thermo-viscoelastic material model,
according to S. Reese and S. Govindjee. We derive the space-time weak evolution equations for
the deformation, the momentum, the entropy and the viscous internal variable directly from an a
priori stability estimate with respect to a Lyapunov function. This Lyapunov function coincides
with the total energy relative to the equilibrium state of this dynamical system. In the discrete
setting, the energy-consistency is accomplished by using anew enhanced hybrid Galerkin (ehG)
method, in conjunction with proper time approximations of the constitutive laws. We obtain
time-stepping algorithms, which fulfil the a priori stability estimate exactly, and independent of
the time step size. This guarantees unconditionally numerical stability.
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1 INTRODUCTION

In this section, we introduce the used notation, and the geometrical concepts pertaining to
the Lagrangian description of motions under the influence ofthermo-mechanical coupling.

1.1 Preliminaries

Let R denote the set of real numbers, and1 6 ndim 6 3 the space dimension. We denote by
A the real vector space of columnsa = [a1, . . . , andim]. We consider each columna ∈ A as
a point in the continuum with respect to a reference frame, located in the origino = [0, . . . , 0].
We refer to the spaceA as ambient space. Covectors in the dual spaceA ∗ are considered as row
vectorsa∗ = [a1 . . . andim

], whose entries are defined via the Kronecker symbols asaj = aiδij .
Summation over repeated indices is understood.

1.2 Kinematical aspects of deformation and motion

Denoting by the setT = [t0, T ] ⊂ R+ the time interval of interest, we consider the reference
configuration of the body at initial timet0 ∈ T as an bounded open setB0 ⊂ A . Hence, points
in B0 are identified as column vectorsX ∈ B0. We assume a Dirichlet boundary∂ϕB0 ⊂ ∂B0

on the piecewise smooth boundary∂B0 of the reference configuration, on which points are hold
fixed. The current configuration of the body at fixed timet ∈ T is a bounded open setBt ⊂ A .
An elementx ∈ Bt coincides with the deformationϕt(X) of the corresponding pointX ∈ B0.
The right Cauchy-Green tensor

[Ct(X)]AB = [F T
t (X)]A

a
δab [F t(X)]bB (1)

determines the stretch inBt with respect to tangent vectorsW at B0. The tensorF t(X)
denotes the gradient∇ϕt(X) of the deformation, called the deformation gradient. Its deter-
minantJt(X) is greater than zero, at all points ofX ∈ B0. A motion of the body is a curve
ϕ(t) = ϕt of deformations. At fixed timet ∈ T , the deformation velocityvt = ϕ̇t denotes a
tangent vector of the motion. The kinetic energy

T (t) =
1

2

∫

B0

ρ0(X) [vt(X)]a δab [vt(X)]b =
1

2

∫

B0

[πt(X)]b [vt(X)]b (2)

of the body defines the conjugated momentumπt = ρ0v
∗
t of the body as vector in the cotangent

space of the motion. The fieldρ0 denotes the body density inB0.

1.3 The temperature field of the body

The absolute temperaturesΘt(X) at pointsX ∈ B0 defines the body temperature field. We
assume a piecewise smooth Dirichlet boundary∂ΘB0 ⊂ ∂B0 on which absolute temperatures
coincide with the constant environment temperatureΘ∞. The gradient∇Θt(X) of the temper-
ature field defines a cotangent vector at the pointX ∈ B0. We refer to the curveΘ(t) = Θt as
the temperature evolution. The relative temperature fieldϑt, which designates the temperature
differencesΘt(X) − Θ∞ at all pointsX ∈ B0, lies in the tangent space at the temperature
evolution, as also the temperature velocity fieldΘ̇t.

1.4 The concept of stress and entropy

In this work, we consider isotropic thermo-elastic material with fading memory properties.
This memory is modelled by a symmetric tensor-valued internal variableΓ t(X) (cp. Ref. [4]).
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Accordingly, the familyΛt = (Θt,Ct,Γ t) of fields determines the free energyΨ(Λt(X)) of
the body at each pointX ∈ B0. Since the memory effect may not affect the elastic properties,
the free energy depend directly only on the product tensorCt(X)Γ−1

t (X). Considering the
free energy at the time curveΛX(t) = Λt(X) of any pointX ∈ B0, the time rate of change

Ψ̇t(X) =
∂Ψ(Λt(X))

∂Θ
Θ̇t(X) +

∂Ψ(Λt(X))

∂CAB

[Ċt(X)]AB +
∂Ψ(Λt(X))

∂ΓAB

[Γ̇ t(X)]AB (3)

of the free energy defines their partial derivatives as cotangent vectors−ηt(X),St(X)/2 and
−Υ t(X) at this time curve, respectively. By definition, these cotangent vectors are associated
with the tangent vectorṡΘt(X), Ċt(X) andΓ̇ t(X), respectively. The cotangent vectorηt(X)
denotes the entropy, andSt(X) represents the second Piola-Kirchhoff stress tensor. To the
tensorΥ t(X), we refer to as non-equilibrium stress tensor. The second term of Eq. (3) is
designated as the densitypint

t (X) of the powerP int(t) at timet ∈ T , done by the stress field
onB0. By using the chain rule of differentiation, we obtain

pint
t (X) = δac[F t(X)]cB [St(X)]BA [Ḟ t(X)]aA = [P ∗

t (X)] A
a [Ḟ t(X)]aA (4)

We refer to the tensorP ∗
t (X) as covariant first Piola-Kirchhoff stress tensor. It is the cotangent

vector corresponding to the tangent vectorḞ t(X).

1.5 The balance principles

According to the balance of mechanical energy, the sum of therate of kinetic energyT (t)
and the stress powerP int(t) coincide with the external mechanical powerPext(t), done by the
acting forces. In the Lagrangian description, this balanceequation is equivalent to

∫

B0

ρ0(X)[v∗t (X)]a [v̇t(X)]a +

∫

B0

[P ∗
t (X)]a

A[Ḟ t(X)]aA =

∫

∂B0

[v∗t (X)]a [tt(X)]a (5)

wherett denotes the first Piola-Kirchhoff traction vector field for points on the traction bound-
aryX ∈ ∂B0 \ ∂ϕB0. First, we apply the Piola-Kirchhoff theorem and Gauss’ divergence the-
orem for transforming the external mechanical power. Then,we take into account the definition
of the deformation velocity, and arrive at the partial differential equation system

ϕ̇t(X) = vt(X)

π̇t(X) = DIV [P ∗
t (X)]

(6)

for all pointsX ∈ B0. The operator DIV denotes the divergence. This system of equations
represents the local form of the equations of motion in the Lagrangian setting. The temper-
ature evolution follows from the righthand side of the Lagrangian form of the second law of
thermodynamics at each pointX ∈ B0, given by

∫

B0

Dtot
t (X)

Θt(X)
=

∫

B0

η̇t(X) +

∫

∂B0

[N 0(X)]A [H t(X)]A > 0 (7)

The fieldDtot
t : B0 → R denotes the total production of entropy, called total dissipation. The

vectorN 0(X) designates the outward normal at a pointX ∈ ∂B0. We denote byH t(X)
the assumed Piola-Kirchhoff entropy fluxQt(X)/Θt(X) at the pointX ∈ B0, whereQt(X)

3



Michael Groß and Peter Betsch

denotes the Piola-Kirchhoff heat flux. The total dissipation Dtot
t (X) is split into an internal

dissipationDint
t (X) associated with a dissipative material law, and the dissipation

Dcon
t (X) = −[∇Θt(X)]A [Ht(X)]A (8)

arising from conduction of heat. After applying Gauss’ divergence theorem to the boundary
integral in Eq. (7), we take into account the dissipationDcon

t (X), according to Eq. (8). In this
way, we arrive at the partial differential equation

η̇t(X) = −
1

Θt(X)
DIV [Qt(X)] +

Dint
t (X)

Θt(X)
(9)

for all pointsX ∈ B0.

1.6 The constitutive equations

According to Eq. (7), the temperature evolution is restricted by the conditioṅηt > 0. This
postulate can be satisfied by a non-negative dissipationDcon

t arising from conduction of heat,
and a non-negative internal dissipationDint

t . The conditionDcon
t > 0 is satisfied, for example,

by Fourier’s law of isotropic heat conduction, defining the components of the Piola-Kirchhoff
heat flux vector as

[Qt(X)]A = −k0 Jt(X) [C−1

t (X)]AB[∇Θt(X)]B
.
= −[Kt(X)]AB[∇Θt(X)]B (10)

wherek0 ∈ R+ denotes the conductivity inB0. The dissipationDcon
t is thus given as a positive-

definite quadratic form with respect to the isotropic Lagrangian conductivity tensorKt(X).
The conditionDint

t > 0 has to be satisfied by the constitutive equation for the non-equilibrium
stress tensorΥ t(X). We derive this equation by using the balance of thermal energy. In
combination with the balance of mechanical energy, we arrive at the equation

∫

B0

[π̇t(X)]a [vt(X)]a + ėt(X) =

∫

∂B0

[v∗t (X)]a [tt(X)]a −

∫

∂B0

[N 0(X)]A [Qt(X)]A (11)

where the mappinget : B0 → R denotes the internal energy density. We recall that the term
−[N 0(X)]A [Qt(X)]A defines the normal inward heat fluxQt(X). We apply to this boundary
integrals Gauss’ divergence theorem, and employ the Piola-Kirchhoff theorem. In the end, we
obtain by using the localisation theorem the Clausius-Planck inequality

Dint
t (X) = Θt(X) η̇t(X) − ėt(X) + pint

t (X) > 0 (12)

We let the internal energy densityet(X) be given in dependence of the entropyηt(X). Then, we
define the internal energy density as the Legendre transformof the free energyΨ(Λt(X)) with
respect to the temperatureΘt(X). Taking Eq. (3) into account, the Clausius-Planck inequality
leads to the internal dissipation

Dint
t (X) = [Υ t(X)]AB [Γ̇ t(X)]AB =

1

2
[M t(X)]AB [Γ̇ t(X)]AC [Γ−1

t (X)]CB
> 0 (13)

whereM t(X) denotes a mixed-variant stress tensor. Characteristic fora viscoelastic material
is a closed stress-strain hysteresis loop during a cyclic loading. The surface area of this loop is
proportional to a non-equilibrium strain rate. Since the surface area indicates the energy loss
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during the deformation, we arrive at a non-equilibrium strain rate dependent internal dissipation.
This material behaviour can be obtained by introducing a viscosity. We obtain

[M t(X)]AB =
1

2
V A C

B D [Γ̇ t(X)]CE [Γ−1

t (X)]ED (14)

where the real numbersV A C
B D = V C A

D B designates the entries of the viscosity tensor. The
symmetry properties arise from the view of the viscosity as asymmetric positive-definite bilin-
ear form to fulfil the Clausius-Planck inequality. The assumed stress tensor in Eq. (14) has to
coincide with the definition of this stress tensor in Eq. (13). This condition leads to the ordinary
differential equation

[Υ t(X)]AF =
1

4
[Γ−1

t (X)]FB V A C
B D [Γ̇ t(X)]CE[Γ−1

t (X)]ED (15)

determining the time evolution of the internal variableΓ t(X), at each pointX ∈ B0. Taking
into account Eq. (13) for the internal dissipation, and Eq. (14) for the mixed-variant stress tensor,
the Clausius-Planck inequality can be written as

Dint
t (X) =

1

4
[Γ̇ t(X)]AF [Γ−1

t (X)]FB V A C
B D [Γ̇ t(X)]CE[Γ−1

t (X)]ED
> 0 (16)

The internal dissipation is thus given by a positive-definite quadratic form with respect to the
strain rate tensor.

2 THE STRONG FORM OF THE INITIAL BOUNDARY VALUE PROBLEM

We derived a system of differential equations consisting ofthe Eqs. (6), Eq. (9) and Eq. (15)
for the deformation and the deformation velocity, as well asthe temperature field and the in-
ternal variable field. The Eqs. (6) and Eq. (9) are supplemented by mechanical and thermal
boundary conditions, respectively. For both boundary conditions, we assume that∂B0 is di-
vided into two disjoint parts. We define the mechanical boundary conditions

ϕt(X) = X for all (t,X) ∈ T × ∂ϕB0

tt(X) = tt(X) for all (t,X) ∈ T × ∂T B0 = T × (∂B0 \ ∂ϕB0)
(17)

specifying the deformationϕt(X) and the Piola-Kirchhoff traction vectortt(X) for all points
on the corresponding boundaries. In analogy, we assume the following thermal boundary con-
ditions, which prescribe the body temperatureΘt(X) and the Piola-Kirchhoff heat fluxQt(X)
on the corresponding boundaries. We state the conditions

Θt(X) = Θ∞ for all (t,X) ∈ T × ∂ΘB0

Qt(X) = Qt(X) for all (t,X) ∈ T × ∂QB0 = T × (∂B0 \ ∂ΘB0)
(18)

The differential equations are also related with initial conditions for the motionϕ(t) and the
deformation velocity curvev(t), as well as the temperature evolution curveΘ(t) and the in-
ternal variable evolution curveΓ (t). Along with these initial conditions, we arrive at an initial
boundary value problem forϕt, vt andΘt, however, we obtain an initial value problem for the
viscous internal variable fieldΓ t. We assume

ϕt0
(X) = X and Θt0(X) = Θ0(X)

vt0(X) = v0(X) and [Γ t0(X)]AB = δAB

(19)
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for all pointsX ∈ B0. The initial condition for the viscous evolution equation arises from
defining the initial state att = 0 as equilibrium state of the viscous evolution. That means, the
free energyΨ(Λt(X)) coincides with the free energyΨ(Θt(X),Ct(X)) of a thermo-elastic
material. For all pointsX ∈ B0, the initial conditions

πt0(X) = ρ0(X) v0(X) ηt0(X) = −
∂Ψ(I∗, I∗,Θ0(X))

∂Θ
(20)

specify the momentum evolution and the entropy evolution, where the mappingI∗ denotes the
identity tensor with the entriesδAB.

2.1 The conservation laws

Let given a pure traction boundary value problem corresponding to ∂ϕB0 = ∅ under equi-
librated external loadstt(X) = o for all pointsX ∈ ∂T B0 at any timet ∈ T . The evolution
equations of the initial boundary value problem yields conservation of the total linear momen-
tum function

L(t) =

∫

B0

[πt(X)]a [ξ0]
a (21)

about the origin of ambient spaceA . The vectorξ0 denotes a fixed direction vector of a virtual
translation of the body in the ambient space at fixed timet ∈ T . Writing this virtual translation
as a curve, the vectorξ0 represents a tangent vector at this curve. By using the fundamental
theorem of calculus on the total linear momentum function, we obtain the identity

L(T ) −L(t0)
.
=

∫

T

L̇(t) =

∫

T

∫

B0

[π̇t(X)]a [ξ0]
a =

∫

B0

[

[P T
t (X)]Aa[ξ∗0]a

]

,A
(22)

where we have employed Eq. (6.2) in the righthand side of thisequation for each pointX ∈ B0.
The vectorξ∗0 designates the cotangent vector at the virtual translationcurve. With regarding to
the assumed vanishing loadstt(X) for eachX ∈ ∂T B0 at all timest ∈ T , and using Gauss’
divergence theorem together with the Piola-Kirchhoff theorem, the Eqs. (17) lead to

L(T ) − L(t0) =

∫

T

∫

∂T B0

[ξ∗0]a [tt(X)]a = 0 (23)

Thus, we arrive at conservation of the total linear momentumfunction for any fixed tangent
vectorξ0 at the virtual translation curve. The evolution equations of the initial boundary value
problem have the total angular momentum functionJ (t) as a second first integral about the
origin of the ambient space. This function is defined by

J (t) =

∫

B0

ǫabcδ
cd [ϕt(X)]b [πt(X)]d[ξ0]

a (24)

whereǫabc denotes the permutation or Levi-Civita symbol. In Eq. (24),the vectorξ0 represents
a fixed axial vector, that is the direction vector of a rotation axis, associated with an arbitrary
virtual rotation of the body around the origin ofA at fixed timet ∈ T . The circular curve
ϕt(X)(s) pertaining to this virtual rotation of the pointX ∈ B0 has a tangent vector

[νt(X)]a = δabǫbcd [ξ0]
c [ϕt(X)(s)]d = [ξ̂0]

a
d [ϕt(X)(s)]d (25)
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The mappinĝξ0 denotes the spin tensor associated with the axial vectorξ0. We are able to verify
that the total angular momentum function is a constant of themotion by stating the fundamental
theorem of calculus

J (T ) − J (t0) =

∫

T

∫

B0

ǫabcδ
cd [ϕ̇t(X)]b [πt]d [ξ0]

a + ǫabcδ
cd [ϕt(X)]b [π̇t]d [ξ0]

a (26)

Employing the Eqs. (6), and recalling the definition of the conjugated momentum, the first
term on the righthand side vanishes due to the skew-symmetryof the permutation symbol.
We rewrite the second term by using the product rule of partial differentiation with respect to
the pointX ∈ B0, which provides two subterms, of which the first vanish, according to the
symmetry of the Kirchhoff stress tensor

[τ t(X)]ab = [F t(X)]aA [St(X)]AB [F T
t (X)]B

b
(27)

in conjunction with the skew-symmetry of the permutation symbol. To the second subterm, we
apply Gauss’ divergence theorem, and employ the Piola-Kirchhoff traction vector, according to
the Piola-Kirchhoff theorem. Then, Eq. (17) leads to

J (T ) − J (t0) =

∫

T

∫

∂T B0

[ν∗
t (X)]a [tt(X)]a = 0 (28)

where the vectorν∗
t (X) ∈ T ∗

xBt denotes the cotangent vector at the virtual rotation curve.
Since the assumed loads vanish for eachX ∈ ∂T B0 on the traction boundary at all timest ∈ T ,
we obtain conservation of the total angular momentum function for the time intervalT .

2.2 The a priori stability estimate

The equilibrium state of the body is a fix point of its time evolution equations. If there exists
a corresponding Lyapunov function, this equilibrium is called stable. Therefore, stability of
nonlinear equilibria is often phrased in terms of an a prioriestimate arising from an existent
Lyapunov function. Again, we assume equilibrated mechanical loads associated with a thermal
Neumann boundary∂QB0 = ∅. We define the function

V(t) = T (t) +

∫

B0

ηt(X)ϑt(X) + Ψ(Θt(X),Ct(X),Γ t(X)) = T (t) + Ê(t) (29)

and show that it is a Lyapunov function. Considering in this Lyapunov function the tangent vec-
torϑt(X) as well as a free energyΨ(Λt(X)), vanishing at environment temperature, we ensure
the equilibrium state at environment temperature. Application of the fundamental theorem of
calculus provides the equation

V(T ) − V(t0) =

∫

T

∫

B0

[π̇t(X)]a [vt(X)]a + η̇t(X)ϑt(X) + ηt(X) Θ̇t(X) + Ψ̇(X) (30)

where in the first term of Eq. (30) the definition of the conjugated momentum has been taken
into account. Now, we employ the Eqs. (6) in the first term, andbear in mind the product rule
of partial differentiation with respect to a pointX ∈ B0. In this way, we obtain

∫

B0

[π̇t(X)]a [vt(X)]a =

∫

∂T B0

[v ∗
t (X)]a [tt(X)]a − P int(t) (31)
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after applying Gauss’ divergence theorem and the Piola-Kirchhoff theorem, as well as Eq. (17)
to the volume integral. According to the absence of loads, the first term of this equation vanish.
Since terms associated with the stress power annihilate each other, and likewise the terms with
the time derivative of the temperature, we arrive at the balance equation

V(T ) − V(t0) =

∫

T

∫

B0

η̇t(X)ϑt(X) − [Υ t(X)]AB [Γ̇ (X)]AB (32)

Now, we employ Eq. (9) in the first term on the righthand side ofEq. (32). Using again the
product rule of partial differentiation, we obtain a volumeintegral, which can be transformed
into a boundary integral by applying Gauss’ divergence theorem. Then, we employ the Piola-
Kirchhoff heat flux, given by Eq. (18), in this boundary integral, and arrive at the expression

−

∫

B0

Θ∞

Θt(X)
Dtot

t (X) +

∫

B0

Dint
t (X) −

∫

∂QB0

ϑt(X)

Θt(X)
[N 0(X)]A [Qt(X)]A (33)

The boundary integral in this term vanish, due to the empty thermal Neumann boundary∂QB0.
Finally, we introduce in the last term of Eq. (32) the evolution equation for the viscous internal
variable. According to Eq. (16), this term coincides with the negative internal dissipation. In
the end, we get at the stability estimate

V(T ) − V(t0) = −

∫

T

∫

B0

Θ∞

Θt(X)
Dtot

t (X) 6 0 (34)

for the time evolution of the considered continuum body during the time intervalT of interest.
Note that the Lyapunov function describes the relative total energy of the body aboutΘ∞.

3 THE WEAK FORM OF THE INITIAL BOUNDARY VALUE PROBLEM

We deduce the weak forms directly from the defined Lyapunov function. In this way, we
obtain the convenient Galerkin method in order to satisfy Eq. (34). We begin by determining the
directional derivative along the continuous time curveγt(s) = T (t+ s). Then, the fundamental
theorem of calculus yields

T (T ) − T (t+0 ) =

∫

T

∫

B0

[π̇t(X)]a [vt(X)]a (35)

where
T (t+0 ) = lim

s→0+
T (t0 + s) and T (T ) = lim

s→0+
T (T − s) (36)

denote the kinetic energies at the lower bound and at the upper bound of the time curve, re-
spectively. Note that at any timet ∈ T the fieldπ̇t is tangent to the continuous variation curve
γt(s) = πt+s in the cotangent space of the motion. Hence, the tangent vector field π̇t repre-
sents an admissible test function for a weak form of Eq. (6.1). We employ this equation in the
righthand side of Eq. (35), and obtain the identity

∫

T

∫

B0

[π̇t(X)]a [vt(X)]a =

∫

T

∫

B0

[π̇t(X)]a [ϕ̇t(X)]a (37)

The time displacementγt(s) = πt+s satisfies the vanishing conjugated momentum at the time-
independent Dirichlet boundary, and lead to vanishing tangent vectors on∂ϕB0. A fixed lower
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bound of this curve at initial timet0 also leads to a zero tangent vector. Consequently, the initial
condition of the motion can be fulfilled exactly. We obtain the weak form

∫

T

∫

B0

[δπ̇t(X)]a [ϕ̇t(X)]a =

∫

T

∫

B0

[δπ̇t(X)]a [vt(X)]a (38)

Hence, we apply a cG method in time (cp. Ref. [1] and references therein). Given any time
t ∈ T , the vector fieldϕ̇t is tangent to the continuous curveγt(s) = ϕt+s of deformations.
Therefore, this field is an admissible test function for a weak form of Eq. (6.2). We employ
Eq. (6.2) in the righthand side of Eq. (37), integrate by partand subsequently apply Gauss’
divergence theorem. Noticing the Piola-Kirchhoff theoremand the mechanical boundary con-
ditions, we get at
∫

T

∫

B0

[π̇t(X)]a [ϕ̇t(X)]a =

∫

T

∫

∂T B0

[t
∗
t (X)]a [ϕ̇t(X)]a −

∫

T

∫

B0

[P ∗
t (X)] A

a [ϕ̇t(X)]a,A (39)

The variation curveγt(s) = ϕt+s satisfies the time-independent Dirichlet boundary condition
of the motion, and lead to vanishing tangent vectors on the boundary∂ϕB0. Since the tangent
vector at a fixed lower boundX of this curve vanish, the initial condition of the conjugated
momentum can be fulfilled exactly. In this way, we obtain

∫

T

∫

B0

[π̇t(X)]a [δϕ̇t(X)]a =
∫

T

∫

∂T B0

[t
∗
t (X)]a [δϕ̇t(X)]a −

∫

T

∫

B0

[P ∗
t (X)] A

a [δϕ̇t(X)]a,A

(40)

Thus, we determine a continuous weak time evolutionπ of the conjugated momentum as well
as a continuous weak motionϕ, wherefore the initial kinetic energyT (t0), and the kinetic
energyT (t+0 ) at the lower bound of the time curve coincides. Nevertheless, the time evolution
P ∗ of the covariant first Piola-Kirchhoff stress tensor field is, in general, only related with the
lower bound of the continuous curveγt(s) = P ∗

t0+s. We obtain the kinetic energy balance

T (T ) − T (t0) =

∫

T

∫

∂T B0

[t
∗
t (X)]a [ϕ̇t(X)]a −

∫

T

∫

B0

[P ∗
t (X)] A

a [Ḟ t(X)]aA (41)

As next step, we consider the second part of Eq. (29), that is the relative internal energy
Ê : T → R of the body. We calculate the directional derivative along the continuous time
curveγt(s) = Ê(t+ s), and apply the fundamental theorem of calculus. We denote byÊ(t+0 )
the energy at the lower bound of the time curve, andÊ(T ) designates the energy at the upper
bound. We obtain the balance

Ê(T )−Ê(t+0 ) =

∫

T

∫

B0

η̇t(X)ϑt(X)+[P ∗
t (X)] A

a [Ḟ t(X)]aA− [Υ t(X)]AB [Γ̇ t(X)]AB (42)

The relative temperature fieldϑt is tangent to the variation curveγt(s) = Θt + s ϑt through
the fixed temperature fieldΘt for any timet ∈ T . Hence, the relative temperature field is an
admissible test function for a weak form of Eq. (9). We combine this equation with the first
term on the righthand side of Eq. (42), and get at the identity

∫

T

∫

B0

η̇t(X)ϑt(X) = −

∫

T

∫

∂QB0

ϑt(X)

Θt(X)
[N 0(X)]A [Qt(X)]A+

+

∫

T

∫

B0

Θ∞

Θt(X)
[ϑt(X)],A [H t(X)]A +

ϑt(X)

Θt(X)
Dint

t (X)
(43)

9



Michael Groß and Peter Betsch

The variation curveγt(s) = Θt + s ϑt bear in mind the fixed environment temperatureΘ∞ at
the thermal Dirichlet boundary. Since the relative temperature field ϑt vanish solely at the
boundary∂ΘB0 at any timet ∈ T , the lower boundγt0(s) of this continuous variation curve
is, in general, varied. The lower bound therefore differs from the initial valuesΘ0(X) for any
pointsX ∈ B0, and we obtain a jump

JΘt0K = Θt0 − Θ0 (44)

in the temperature time evolution at initial timet0. According to the definition of the entropy
field, we also get a jumpJηt0K in the entropy evolution. Thus, the energyÊ(t+0 ) differs from the
initial value Ê(t0) of the relative internal energy. However, we arrive at the energy difference
between the upper bound̂E(T ) and the initial valueÊ(t0) by introducing the energŷE(t0) in
Eq. (42). In this way, we obtain the balance equation

Ê(T ) − Ê(t0) = Ê(T ) − Ê(t+0 ) + Ê(t+0 ) − Ê(t0) =
r
Ê(t0)

z
+ Ê(T ) − Ê(t+0 ) (45)

In order to get at Eq. (34), we have to assume a vanishing Piola-Kirchhoff traction vector field
tt on the mechanical Neumann boundary. Consequently, addition of Eq. (41) for the continuous
time course of the kinetic energy, and Eq. (45) pertaining tothe discontinuous time evolution of
the relative internal energy leads to the balance equation

V(T ) − V(t0) =
r
Ê(t0)

z
+

∫

T

∫

B0

η̇t(X)ϑt(X) − [Υ t(X)]AB [Γ̇ t(X)]AB (46)

because terms associated with the stress power annihilate each other. We deduce from Eq. (46)
a weak form of Eq. (9). The corresponding initial condition associated with the temperature
is enforced weakly by a so-called trace term, which fulfils Eq. (46). Recall that the density
êt : B0 → R of the relative internal energy is defined by the expression

êt(X) = ηt(X)ϑt(X) + Ψ(Γ t(X),Ct(X),Θt(X)) (47)

The energy jump in Eq. (46) then leads to a jumpJêt0(X)K in the density for all pointsX ∈ B0.
We assume that this jump coincides with the trace termϑt0(X) η̂t0(X), where η̂t0(X) is a
unknown entropy trace. We search for the smallest entropy trace, which fulfils this constraint.
Hence, we search for a traceη̂t0(X), which minimise the Lagrange function

F (η̂t0(X), λ(X)) =
1

2
η̂2

t0
(X) + λ(X) {ϑt0(X) η̂t0(X) − Jêt0(X)K} (48)

whereλ(X) denotes the Lagrange multiplier. According to the Euler-Lagrange equation corre-
sponding to the entropy trace,η̂t0(X) coincides with−λ(X)ϑt0(X). Employing this relation
in the Euler-Lagrange equation corresponding to the Lagrange multiplier, the energy jump term
reads r

Ê(t0)
z

=

∫

B0

Jêt0(X)K =

∫

B0

η̂t0(X)ϑt0(X) =

∫

B0

Jêt0(X)K
ϑt0(X)

ϑt0(X) (49)

Consider the entropy trace as function of the temperatureΘt0(X), and apply L’Hôpital’s rule.
We realise that the limit of this fraction, asΘt0(X) approachesΘ∞, is zero as for the density
jump Jêt0(X)K alone. Hence, we have not introduced a singularity in this way. Eq. (46) then
reads

V(T ) − V(t0) =

∫

B0

Jêt0(X)K
ϑt0(X)

ϑt0(X) +

∫

T

∫

B0

η̇t(X)ϑt(X) − [Υ t(X)]AB [Γ̇ t(X)]AB (50)

10
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The first and the second term of this equation include the relative Lagrangian temperature field
as weighting function. These terms are therefore related tothe space-time weak form of the
entropy evolution equation. Thus, we obtain the weak form

∫

B0

Jêt0(X)K
ϑt0(X)

δΘt0(X) +

∫

T

∫

B0

η̇t(X) δΘt(X) = −

∫

T

∫

∂QB0

δΘt(X)

Θt(X)
Qt(X)+

+

∫

T

∫

B0

Θ∞

Θt(X)
[δΘt(X)],A [H t(X)]A + δΘt(X)

Dint
t (X)

Θt(X)

(51)

whereδΘt0 varies the temperature field at the limit from above. Accordingly, this weak form
leads to a dG method in time (cp. Ref. [5]), which is energy-consistent. According to the empty
boundary∂QB0, associated with Eq. (34), a comparison of Eq. (51) with the first two terms on
the righthand side of Eq. (50) yields the balance

V(T ) − V(t0) = −

∫

T

∫

B0

Θ∞

Θt(X)
Dtot

t (X) +

∫

T

∫

B0

Dint
t (X) − [Υ t(X)]AB [Γ̇ t(X)]AB (52)

in which Eq. (8) has been employed. Finally, we deduce a weak form of Eq. (15). Here, we go
a different way as for the former time evolution equations. We determine the viscous internal
variable at each considered pointX ∈ B0. That is possible, because the viscous internal vari-
able evolution is only a coupled initial value problem. Employing Eq. (15) in the last term of
Eq. (52), for a fixed pointX ∈ B0, we obtain the temporally weak form

∫

T

[Υ(X)]AF [δΓ̇ t(X)]AF =

1

4

∫

T

[δΓ̇ t(X)]AF [Γ−1

t (X)]FB V A C
B D [Γ̇ t(X)]CE[Γ−1

t (X)]ED
(53)

wherein the test function is a tangent vector of the variation curveγt(X)(s) = Γ t+s(X) of the
viscous internal variableΓ t(X). Since the tangent vector associated with a fixed lower bound
of the variation curve at initial timet0 vanish for allX ∈ B0, the initial condition of the internal
variable at any pointX ∈ B0 can be satisfied exactly. Hence, the time evolution of the viscous
internal variable is continuous. Eq. (53) leads to the identity

∫

T

∫

B0

[Υ t(X)]AF [Γ̇ t(X)]AF =

∫

T

∫

B0

Dint
t (X) (54)

relating the last term on the righthand side of Eq. (52) to theinternal dissipation, given in
Eq. (16). Note that Eq. (53) corresponds to a cG method in timeat each considered integration
pointX ∈ B0. According to the Eqs. (52) and (54), we arrive at the a prioristability estimate.

4 THE FINITE ELEMENT APPROXIMATION OF THE WEAK FORMS

First, we perform a temporal finite element approximation. This leads to a finite-dimensional
approximation of the considered time evolutions. Then, we obtain a finite-dimensional approx-
imation of the Lagrangian fields at fixed time by introducing aspatial finite element approxi-
mation.

11
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4.1 The temporal finite element approximation

We introduce a partition of the time intervalT = [t0, T ] intomel > 1 disjoint sub-intervals
T n, n ∈ Mel = {1, . . . , mel}, such that the union of all sub-intervals coincides withT . This
partition is related with a mesht0 = t1 < t2 < . . . < tmel < tmel+1 = T of time points. We refer
to a sub-intervalT n = [tn, tn+1] as then-th time element. In order to increase the approxima-
tion accuracy, we introduce time nodestni < tnk ∈ T n, wherei < k ∈ Men = {1, . . . , men} on
each time element, which are such thattn1 = tn andtnmen

= tn+1. The differencehn = tnmen
− tn1

is called the time step size. By the transformation

τn : Iα ∋ α 7→
men
∑

i=1

M i(α) tni ∈ T
n (55)

we map a temporal parent domainIα = [0, 1] on a time elementT n. The shape functions
M i : Iα → R are Lagrange polynomials, which satisfyM i(αk) = δk

i. Thus, the time nodes
αk ∈ Iα, k ∈ Men, in Iα are mapped to the time nodestnk = τn(αk) in T n. Since we restrict
ourselves to an equidistant distribution of the time nodestnk , there remains

τn(α) = (1 − α) tn1 + α tnmen
(56)

The partition ofT divides the time integral of a weak form into a sum ofmel sub-integrals
with respect to the time elementsT n. We getmel coupled systems of weak forms. By using
Eq. (56), we transform each time element to the parent domain. For eachn ∈ Mel, we obtain
the weak form

∫

Iα

∫

B0

[δπ̇n
α(X)]a [ϕ̇n

α(X)]a =

∫

Iα

∫

B0

[δπ̇n
α(X)]a [vn

α(X)]a (57)

where we have used the substitution rule together with the identity Dτn(α) = hn for relating the
time integration to the parent domain. The mappingϕn

α = ϕ|T n(τn(α)) designates a deforma-
tion field at any time pointt = τn(α) ∈ T n. The fieldvn

α denotes the corresponding velocity
field. We approximate the corresponding time evolutions, such that

ϕn
α =

men
∑

i=1

M i(α)ϕn
αi

and vn
α =

men
∑

i=1

M i(α) vn
αi

(58)

Applying the same shape functions as in Eq. (55), we obtain anisoparametric finite element
approximation. Since we approximate the deformation and not its time derivative, we have to
apply the chain rule of differentiation for calculating thetime derivativeϕ̇n

α on the lefthand side
of Eq. (57). The first weak equation of motion onT n, n ∈ Mel, then, takes the form

∫

Iα

∫

B0

[δπ̇n
α(X)]a [∂αϕ

n
α(X)]a = hn

∫

Iα

∫

B0

[δπ̇n
α(X)]a [vn

α(X)]a (59)

where∂α indicates the partial derivative of the motion̂ϕ|T n(τn(α),X) with respect toα. We
approximate the time evolution curveδπ̇n pertaining to the time derivativeδπ̇n

α of the variation
of the conjugated momentum field onTn directly on the parent domain. We obtain the definition

δπ̇n
α =

meq
∑

j=1

M̃ j(α) δπ̇n
α̃j

(60)

12
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Since the variationδπ̇n
α1

at the time nodetn1 = τn(α1) vanish, the initial conjugated momentum
πtn−1

men
coincides withπn

α1
. The shape functions̃M j , wherej ∈ Meq = {1, . . . , meq} denote

Lagrange polynomials, satisfying the conditionsM̃ j(α̃l) = δl
j, j, l ∈ Meq. The pointsα̃l des-

ignate temporal test notes on the parent domain. The numbermeq of these test notes coincides
with men − 1. According to Eq. (40), we obtain for each elementT n, n ∈ Mel, the weak form

∫

Iα

∫

B0

[∂απ
n
α(X)]a [δϕ̇n

α(X)]a =

hn

∫

Iα

∫

∂T B0

[t
∗,n
α (X)]a [δϕ̇n

α(X)]a − hn

∫

Iα

∫

B0

[P ∗,n
α (X)] A

a [δϕ̇n
α(X)]a,A

(61)

by using the substitution rule and the Frèchet derivative ofEq. (56). Further, the chain rule
has been used for the time differentiation of the approximation pertaining to the conjugated
momentum fieldπn

α onTn. We approximate the time evolution curveπn and the time evolution
curveδϕ̇n corresponding to the time derivative of the variationδϕn onT n, such that

πn
α =

men
∑

i=1

M i(α)πn
αi

and δϕ̇n
α =

meq
∑

j=1

M̃ j(α) δϕ̇n
α̃j

(62)

respectively. Since the variationδϕ̇α1
(X) vanish for allX ∈ B0, the deformationϕn

α1
co-

incides withϕtn−1
men

for all time elements. Now, we transform the integrals in Eq.(43), and
subsequently apply the chain rule of differentiation to theapproximation of the entropy fieldηn

α

onT n. For eachn ∈ Mel, we obtain the space-time weak equation
∫

Iα

∫

B0

∂αη
n
α(X)ϑn

α(X) = hn

∫

Iα

∫

∂QB0

ϑn
α(X)

Θn
α(X)

Q
n

α(X)+

+hn

∫

Iα

∫

B0

Θ∞

Θn
α(X)

[ϑn
α(X)],A [Hn

α(X)]A +
ϑn

α(X)

Θn
α(X)

Dint,n
α (X)

(63)

where

ηn
α =

men
∑

i=1

M i(α) ηn
αi

and Θ
n
α =

men
∑

i=1

M i(α) Θ
n
αi

(64)

The test space for Eq. (63) has to include the time evolutionϑn of the relative temperature field.
Thus, a variationδΘn

α1
at the lower bound of the continuous curveγn

α(s) = δΘn
s only vanish at

the boundary∂ΘB0. We obtain the approximation

δΘn
α =

men
∑

i=1

M i(α) δΘn
αi

(65)

The lower boundΘn
α1

of the continuous curveγn
α(s) = Θ

n
s thus generally differs from the initial

valueΘtn−1
men

of the temperature evolution on each time element. In analogy to Eq. (51), we
incorporate the resulting jumps, in an energy-consistent way. For eachT n, n ∈ Mel, the weak
form reads

∫

B0

q
ên

α1
(X)

y

ϑn
α1

(X)
δΘn

α1
(X) +

∫

Iα

∫

B0

∂αη
n
α(X) δΘn

α(X) = hn

∫

Iα

∫

∂QB0

δΘn
α(X)

Θn
α(X)

Q
n

α(X)

+hn

∫

Iα

∫

B0

Θ∞

Θn
α(X)

[δΘn
α(X)],A [Hn

α(X)]A + δΘn
α (X)

Dint,n
α (X)

Θn
α(X)

(66)
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Finally, we approximate the time evolution of the internal variable fieldΓn
α, pointwise deter-

mined onT n, due to the isoparametric concept. According to Eq. (53), the test space has to
include the time evolutioṅΓ

n
pertaining to the time derivative of the internal variable field on

Tn. We therefore arrive at the approximations

Γ
n
α =

men
∑

i=1

M i(α)Γn
αi

and δΓ̇
n

α =

meq
∑

j=1

M̃ j(α) δΓ̇
n

α̃j
(67)

for Eq. (53) on the parent domain. Thereby, the conditions[δΓ̇α1
(X)]AB = 0 are fulfilled for

all X ∈ B0. We divide each integral of Eq. (53) intomel sub-integrals. In the light of the
constant Frèchet derivative of Eq. (56), we apply the substitution rule to the time integrals and
the chain rule of differentiation to the time derivative. For eachn ∈ Mel, we so get at

hn

∫

Iα

[Υn
α(X)]AF [δΓ̇

n

α(X)]AF =

1

4

∫

T

[δΓ̇
n

α(X)]AF [{Γ n
α(X)}−1]FB V A C

B D [∂αΓ
n
α(X)]CE [{Γn

α(X)}−1]ED
(68)

for anyX ∈ B0. We approximate the tensorΥn
α(X) such that it lies for any timeα ∈ Iα

in the cotangent space at the internal variable evolution. In order to obtain in a weak form a
unique interpolation of the temporal test function at each temporal quadrature point, a family
of m shape functions has to be evaluated at exactlym distinct quadrature points. Since we
approximate the test function associated with Eq. (66) withone Lagrange polynomial more as
compared to the other weak forms, we have to use one quadrature point more. Therefore, in
the following, we endue the symbolIα of the time integration domain associated with Eq. (66)
with the suffixη to refer to this different number of quadrature points.

4.2 The spatial finite element approximation

We consider a partition ofB0 intonel > 1 disjoint sub-domainsBe
0, e ∈ Nel = {1, . . . , nel},

called thee-th element ofB0. The union of all these spatial elements, in turn, is given byB0.
Each elementBe

0 is defined by pointseXa, a ∈ Nen = {1, . . . , nen}, called the spatial nodes.
We define index setsN e

ϕ = {a ∈ Nen|
eXa ∈ ∂ϕB0} to indicate which element nodes lie on

the mechanical Dirichlet boundary. We introduce a spatial parent domainB�, which is mapped
on a spatial elementBe

0 by

ψe
0 : B� ∋ η 7→

∑

a∈Nen

Na(η) eXa ∈ B
e
0 (69)

The propertiesNa(η
b) = δb

a, a, b ∈ Nen, of the Lagrange polynomialsNa : B� → R provides
that the nodesηb ∈ B� are mapped to the spatial nodeseXb = ψe(ηb). Consider a curve
Ce(s) = eXs in Be

0, and a curveγ�(s) = ηs in B�. Differentiation of Eq. (69) implies a linear
relation between the tangent vectors ateX ∈ Be

0 andη ∈ B�, respectively, which reads

TXB
e
0 ∋ eW = Dψe

0(η)νη ∈ TηB� (70)

The volume elementV e
X at eX ∈ Be

0 is mapped by the Jacobian determinant of Eq. (69), given
by Je(η) = det(Dψe

0(η)), to the volume elementVη at η ∈ B�. The partition ofB0 divides
volume integrals into a sum ofnel sub-integrals with respect to the spatial elementsBe

0, e ∈ Nel.
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Transforming each material pointeX ∈ Be
0 to the spatial parent domain, Eq. (59) takes the form

∫

Iα

∫

B�

[δπ̇n,e
α (η)]a [∂αϕ

n,e
α (η)]aJe(η) = hn

∫

Iα

∫

B�

[δπ̇n,e
α (η)]a [vn,e

α (η)]aJe(η) (71)

for all (n, e) ∈ Mel × Nel, where the notationϕn,e
α (η) = [ϕn

α|Be
0
◦ψe

0](η) has been introduced.
In the isoparametric concept, the deformationϕn,e

α of the spatial elementBe
0 during the time

elementT n is approximated in space analogously to Eq. (69). After using Eq. (58), there
remains to approximate the deformationsϕn,e

αi
at the nodesαi ∈ Iα. We assume

ϕn,e
αi

(η) =
∑

a∈Nen\N e
ϕ

Na(η) exa
αi

+
∑

a∈N e
ϕ

Na(η) eXa (72)

The last sum arise from Eq. (17). The velocityvn,e
α is an element of the tangent space of the

motion, and the test functionδπ̇n,e
α lies in the corresponding cotangent space. With exception

of the different boundary conditions, these tangent and cotangent vectors are approximated as
the corresponding deformation. Hence, we obtain

vn,e
αi

(η) =
∑

a∈Nen\N e
ϕ

Na(η) eva
αi

and δπ̇n,e
α̃j

(η) =
∑

a∈Nen\N e
ϕ

Na(η) eδπa
α̃j (73)

according to the vanishing Dirichlet boundary conditions in the corresponding spaces. To ac-
count for the Neumann boundary∂T B0, we define the setN e

T = {a ∈ Nen|
eXa ∈ ∂T B0},

indicating nodes of the elementBe
0, which lie on its Neumann boundary∂T Be

0. Then, we
introduce a transformation

ψ̄e
0 : ∂B� ∋ η̄ 7→

∑

a∈N e
T

N̄a(η̄)
eXa ∈ ∂Be

0 (74)

from a parent domain∂B� to thee-th (Neumann) boundary element∂Be
0. The shape functions

N̄a : ∂B� → R are also Lagrange polynomials satisfying the conditionN̄a(η̄
b) = δb

a. There-
fore, nodes̄ηb ∈ ∂B� are mapped to nodeseXb = ψ̄e(η̄b) ∈ ∂Be

0. After dividing up the spatial
integrals in Eq. (61), the Eqs. (69) and (74) provides the weak form

∫

Iα

∫

B�

[∂απ
n,e
α (η)]a [δϕ̇n,e

α̃ (η)]aJe(η) = hn

∫

Iα

∫

∂B�

[t
∗,n,e

α (η)]a [δϕ̇n,e
α̃ (η)]aJ̄e(η)−

−hn

∫

Iα

∫

B�

[P ∗,n,e
α (η)] A

a [δϕ̇n,e
α̃ (η)]a,AJ

e(η)
(75)

for all (n, e) ∈ Mel × Nel. The mappingJ̄e(η̄) = det(Dψ̄e
0(η̄)) denotes the Jacobian deter-

minant of Eq. (74). The Lagrangian momentum fieldsπn,e
αi

at the nodesαi ∈ Iα lie in the
cotangent space of the motion, whereas the test functionsδϕ̇n,e

α̃j
are elements of the correspond-

ing tangent space. Hence, we apply Eq. (73) to these fields. The spatial distribution of the first
Piola-Kirchhoff traction vector fieldt

n,e

α at timeα ∈ Iα is approximated by

t
n,e

α (η) =
∑

a∈N e
T

N̄a(η̄)
etaα (76)

The vectorsetaα denote given traction loads on the boundary notes. In the last term on the
righthand side of Eq. (75), we have to determine the gradientwith respect to a pointeX ∈ Be

0.
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For this purpose, we multiply Eq. (70) with the inverse Jacobian(Dψe
0)

−1 pertaining to Eq. (69).
We obtain so the relation between tangent vectors at a curveγ�(s) = ηs in B� and at a curve
Ce(s) = eXs in Be

0. The gradient of the test function then reads

[δϕ̇n,e
α ]a,A = [δϕ̇n,e

α ]a,i [(Dψ
e
0)

−1]iA (77)

wherei indicates the coordinates inB�. To incorporate the thermal boundary conditions, we
define index setsN e

Θ
= {a ∈ Nen|

eΘ
a ∈ ∂ΘB0} to indicate nodes on the thermal Dirichlet

boundary∂ΘB0, and index setsN e
Q = {a ∈ Nen|

eΘ
a ∈ ∂QB0} to designate nodes on the ther-

mal Neumann boundary∂QB0. Considering the partition ofB0, and relating spatial integrals
to the corresponding parent domains, Eq. (66) reads

∫

B�

q
ên,e

α1
(η)

y

ϑn,e
α1 (η)

δΘn,e
α1

(η) Je(η) +

∫

I
η
α

∫

B�

∂αη
n,e
α (η) δΘn,e

α (η) Je(η) =

hn

∫

I
η
α

∫

B�

{

Θ∞

Θ
n,e
α (η)

[δΘn,e
α (η)],A [Hn,e

α (η)]A + δΘn,e
α (η)

Dint,n,e
α (η)

Θ
n,e
α (η)

}

Je(η)+

+hn

∫

I
η
α

∫

∂B�

δΘn,e
α (η̄)

Θ
n,e
α (η̄)

Q
n,e

α (η̄) J̄e(η̄)

(78)
for all (n, e) ∈ Mel × Nel. The geometric approximation of the thermal Neumann boundary
coincides with that of the mechanical Neumann boundary. By following the isoparametric
concept, we approximate the Lagrangian temperature fieldΘn,e

α on the elementBe
0 during the

time intervalT n analogously to the deformation. We obtain the approximation

Θ
n,e
αi

(η) =
∑

a∈Nen\N e
Θ

Na(η) e
Θ

a
αi

+
∑

a∈N e
Θ

Na(η) Θ∞ (79)

by taking into account the constant environment temperature Θ∞ on the thermal Dirichlet
boundary. Likewise, we approximate the test functionδΘn,e

αi
at the nodes in the parent do-

main in conjunction with Eq. (73). The entropy fieldηn,e
αi

is approximated such that it lies in the
cotangent space at the temperature evolution. We define

ηn,e
αi

(η) = −
∂Ψ(Γ n,e

αi
(η),Cn,e

αi
(η),Θn,e

αi
(η))

∂Θ
and δΘn,e

αi
(η) =

∑

a∈Nen\N e
Θ

Na(η) eδΘa
αi

(80)
Since we determine the Lagrangian internal variable fieldΓ

n,e
α (η) at the considered points

η ∈ B� in the spatial parent domain, we desist from a spatial approximation. The approxi-
mationCn,e

αi
(η) of the right Cauchy-Green tensor pertaining to thee-th spatial element during

then-th time element follows from Eq. (1), via the approximationF n,e
αi

(η) of the corresponding
deformation gradient, given by

[F n,e
αi

(η)]aA = [∇ϕn,e
αi

(η)]aj [(Dψe
0)

−1(η)]jA (81)

Assume that the normal inward heat fluxQ
n,e

α on the thermal Neumann boundary∂QBe
0 is also

given in dependence of the timeα ∈ Iα. We define inward normal projectionseQ
a

α of the heat
flux at the nodes of the boundary element, which are distributed by

Q
n,e

α (η) =
∑

a∈N e
Q

N̄a(η̄)
eQ

a

α (82)

along the corresponding element boundary.
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5 THE TIME APPROXIMATION OF THE CONSTITUTIVE FIELDS

In order to maintain the conservation laws and the stabilityestimate in the discrete setting,
we have to supplement the weak forms. First, we consider the directional derivative along the
continuous time curveγn

t (s) = L(t+ s) in then-th time element. We integrate this derivative
in time, and obtain

∫

T n

L̇(t) =

nel
∑

e=1

∫

Iα

∫

B�

[∂απ
n,e
α (η)]a [ξ0]

aJe(η) (83)

If we employ Eq. (62), the time integration concerns only thetemporal shape functions. Since
this time integrals can be computed exactly, the fundamental theorem of calculus is fulfilled.
Nevertheless, the vectorξ0 ∈ A is constant, it is an admissible test functionδϕ̇n,e

α (η) of
Eq. (75), due to the completeness condition of the Lagrange polynomials. We employ this
test function in Eq. (75), and obtain the identity

∫

Iα

∫

B�

[∂απ
n,e
α (η)]a [ξ0]

aJe(η) = −hn

∫

Iα

∫

B�

[P ∗,n,e
α (η)] A

a [ξ0]
a
,AJ

e(η) = 0 (84)

Since Eq. (84) coincides with the differenceL(tn+1) −L(tn), we obtain total linear momentum
conservation for an arbitrary approximation of the covariant first Piola-Kirchhoff stress tensor,
and for an arbitrary time step size. On the other hand, the directional derivative along the
continuous time curveγn

t (s) = J (t+ s) in the n-th time element in conjunction with time
integration leads to

nel
∑

e=1

∫

Iα

∫

B�

ǫabcδ
cd[ξ0]

a
{

[∂αϕ
n,e
α (η)]b[πn,e

α (η)]d + [ϕn,e
α (η)]b[∂απ

n,e
α (η)]d

}

Je(η) (85)

If we employ the Eqs. (58) and (62), the fundamental theorem of calculus with respect toJ (t)
is fulfilled, because the time integrals can be calculated exactly. Eq. (85) therefore coincides
with J (tn+1) −J (tn). Now, we have to employ Eq. (71) in the first term, however, in Eq. (85),
the corresponding test function is not interpolated by the Lagrange polynomials{M̃ j(α)}

meq

j=1 at
the temporal test nodes̃αj, j = 1, . . . , meq. Therefore, we determine nodal valuesπn,e

α̃j
(η) by

solving uniquely the linear system of equations

meq
∑

j=1

M̃ j(ξ̃k)π
n,e
α̃j

(η) =

men
∑

i=1

M i(ξ̃k)π
n,e
αi

(η) (86)

atmeq quadrature pointsξk, k = 1, . . . , meq. Thereupon, the first term of Eq. (85) vanish inde-
pendent of the time step size, according to the skew-symmetry of the permutation symbol. In
the second term of Eq. (85), we employ Eq. (75). For this purpose, we determine nodal values
ϕ

n,e
α̃j

(η) by a corresponding linear system of the form, given in Eq. (86). Taking the definitions
of the deformation gradient and of the Kirchhoff stress tensor into account, the second term of
Eq. (85) is given by

−hn

∫

Iα

∫

B�

ǫacb[ξ0]
a[τ n,e

α (η)]cbJe(η) (87)

Postulating the symmetry of the Kirchhoff stress tensor approximation, this term vanishes due to
the skew-symmetry of the permutation symbol. Since both terms of Eq. (85) vanish, we obtain
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total angular momentum conservation for any time step size.Now, we consider the directional
derivative along the continuous time curveγn

t (s) = T (t+ s) in then-th time element. Time
integration leads to

∫

T n

Ṫ (t) =

nel
∑

e=1

∫

Iα

∫

B�

[∂απ
n,e
α (η)]a [vn,e

α (η)]aJe(η) (88)

If we employ the Eqs. (58) and (62), the time integration concerns only the temporal shape
functions. The fundamental theorem of calculus is therefore exactly fulfilled, and the righthand
side coincides with the differenceT (tn+1) − T (tn). Since the derivative∂απ

n,e
α (η) is an admis-

sible test function for Eq. (71), we employ this equation as next step. Moreover, the derivative
∂αϕ

n,e
α (η) of the deformation approximation lies in the test space of Eq. (75). Therefore, we

subsequently employ Eq. (75). We arrive at the kinetic energy balance

T (tn+1) − T (tn) = −

nel
∑

e=1

∫

Iα

∫

B�

[P ∗,n,e
α (η)] A

a [∂αϕ
n,e
α (η)]a,AJ

e(η) (89)

Now, we determine the directional derivative along the continuous time curveγn
t (s) = E(t+ s)

in then-th time element. At the time integration of this derivative, we bear in mind the different
quadrature rules in the discrete setting. Noticing the definition of the relative internal energy
density as well as the cotangent vectors pertaining to the free energy, we obtain the relation

∫

Iα

∫

B�

∂αê
n,e
α (η) =

∫

I
η
α

∫

B�

∂αη
n,e
α (η)ϑn,e

α (η) Je(η)+

+

∫

Iα

∫

B�

{

[P ∗,n,e
α (η)] A

a [∂αF
n,e
α (η)]aA − [Υn,e

α (η)]AB [∂αΓ
n,e
α (η)]AB

}

Je(η)
(90)

for all (n, e) ∈ Mel × Nel. Recall the mappingCn
α = [C|T n ◦ τn](α) designates the right

Cauchy-Green tensor field during then-th time element at any time pointα ∈ Iα in the tempo-
ral parent domain. We approximate the time evolution of the corresponding right Cauchy-Green
tensorCn,e

α (η) pertaining to thee-th spatial element, such that

Cn,e
α (η) =

men
∑

i=1

M i(α)Cn,e
αi

(η) (91)

Note that the approximated stress powerP int,n,e(α) based on the second Piola-Kirchhoff stress
tensor in conjunction with Eq. (91) does not coincide with the stress power in Eq. (75). Fur-
thermore, the time integration in Eq. (90) is, in general, not computable exactly. Hence, we
have to enforce the fundamental theorem of calculus with respect toêα(η). Noticing the deriva-
tion of the jump term by formulating a minimisation problem,we state a corresponding con-
straintGS(Ŝ

n,e

α (η)) by taking Eq. (4) into account. Since we need a symmetric approximation
of the Kirchhoff stress tensor, we determine a trace tensor corresponding to the second Piola-
Kirchhoff stress. We obtain an isoperimetrical problem associated with an augmented Lagrange
functional, and arrive at the integral term

−hn

∫

B�

ên,e
αmen

(η) − ên,e
α1

(η) −

∫

Iα

∂αê
n,e
α (η)

∫

Iα

[P̂
∗,n,e

α (η)] A
a [∂αϕ

n,e
α (η)]a,A

∫

Iα

[P̂
∗,n,e

α (η)] A
a [δϕ̇n,e

α̃ (η)]a,AJ
e(η) (92)
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which we add on the righthand side of Eq. (75). The components[P̂
∗,n,e

α (η)] A
a coincide with

the sumsδab[F
n,e
α (η)]bB [∂αC

∗,n,e
α (η)]BA. This additional term of Eq. (75) annihilate the stress

power in Eq. (89) completely, and introduce the relative internal energy density behind the
jump. Recall, we arrived at the stability estimate by the assumption that the time integrals of
the internal dissipation, calculated in the Eqs. (51) and (54), are identical. In the discrete set-
ting, however, we have to enforce this property. Consequently, we formulate a corresponding
constraint for a viscosity trace tensor in the internal dissipation. LetDn,e

α (η) denote the approx-
imated viscous strain rate tensor on thee-th spatial element at any time pointα ∈ Iα, defined by
the components[∂αΓ

n,e
α (η)]AB[(Γ n,e

α (η))−1]BC/(2hn). After employing the obtained viscosity
trace tensor in Eq. (16), we arrive at the integral term

hn

∫

B�

∫

Iα

Dint,n,e
α (η) −

∫

I
η
α

Dint,n,e
α (η)

∫

I
η
α

{

ϑn,e
α (η)

Θ
n,e
α (η)

D̂int,n,e
α (η)

}2

∫

I
η
α

δΘn,e
α (η)

ϑn,e
α (η)

{Θn,e
α (η)}2

{

D̂int,n,e
α (η)

}2

Je(η) (93)

which we add on the righthand side of Eq. (78). The functionD̂int,n,e
α (η) denotes the sum

[D∗,n,e
α (η)]AB[Dn,e

α (η)] B
A associated with the viscous strain rate tensor. Due to the spatial finite

element approximation, we solve Eq. (68) at the considered pointsη ∈ B� in the spatial parent
domain. Employing the time derivative∂αΓ

n
α(η) as admissible test function, the righthand

side of Eq. (68) coincides with the internal dissipationDint,n,e
α (η) in the e-th spatial element.

Therefore, we arrive at the stability estimate

V(tn+1) − V(tn) = −hn

nel
∑

e=1

∫

I
η
α

∫

B�

Θ∞

Θ
n,e
α (η)

Dtot,n,e
α (η) Je(η) 6 0 (94)

which coincides with Eq. (34). In the discrete setting, we apply the Gaussian quadrature rule.
Hence, the existing time integrals associated with the temporal shape functions are calculated
exactly, which is important for the conservation laws and the kinetic energy balance as verified.

6 NUMERICAL EXAMPLE

The simulation snapshot shows a free unloaded motion of a tyre with a small uninsulated por-
tion (hn = 0.1). The motion is initiated through initial velocities. The stiff material with a strong
thermo-mechanical coupling is described by a thermo-dynamically extended neo-Hookean ma-
terial model, together with a constant conductivity and viscosity. The colours indicate the ab-
solute body temperature. The free unloaded motion cause conserved momentum maps (see
Fig. 1). As expected for the ehG method, the absolute residual value of Eq. (94) is less than the
toleranceǫ = 10−8 pertaining to the Newton-Raphson method. Hence, the Lyapunov function
is steady decreasing till the equilibrium state is reached.For comparison, we implemented the
hG method without the correcting terms, given by Eq. (92) andEq. (93), and with the standard
approximation

[Cn,e
α (η)]AB = [(F n,e

α (η))T ]A
a
δab [F n,e

α (η)]bB (95)

of the right Cauchy-Green tensor, arising from an approximation of the time evolutionafter
a spatial approximation of the corresponding field. In Ref. [1], we show that Eq. (95) leads
to approximation errors, having a physical effect. The hG method do not fulfil the stability
estimate in the discrete setting (see Fig. 1), and thereforediverge after a few calculated time
steps of the lengthhn = 0.1. Both momentum maps are conserved till the divergence.
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Figure 1: Free flying tyre under equilibrated external loadswith a small uninsulated portion: energy-momentum-
consistent ehG(1) method in the first two rows and only momentum-consistent hG(1) method in the last row.
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